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Ouvrez une école, vous fermerez une prison

Victor Hugo

It was in 1934 that Pahlavi High School was established in my hometown,
Kashan. In 1946, the school moved to a new building constructed over a
rather vast area and featuring an awesome architectural design. The school
was renamed Imam Khomeini High School after the 1979 revolution. Over
the years, numerous bright minds were trained in the stimulating environ-
ment of this school. Before long, the impressive school building had become a
reminder of all the great intellectuals who had either studied or taught there.
To the utter regret of the latter, however, the building was completely de-
molished in 1995, only to give way to the current, incomplete one. I dedicate
this monograph to all the caring and respected men, teachers and employees
alike, who kept the flame of education alight for many years in this institute.





Preface

Infinite Blaschke products were introduced by W. Blaschke in 1915 [9]. In
1929, R. Nevanlinna introduced the class of bounded analytic functions with
almost everywhere unimodular boundary values [35]. However, the term in-
ner function was coined much later by A. Beurling in his seminal work on the
invariant subspaces of the shift operator [8]. The first extensive studies of the
properties of inner functions were made by O. Frostman [22], W. Seidel [43]
and F. Riesz [40]. Their efforts to understand the zeros and boundary behav-
ior of bounded analytic functions led to the celebrated canonical factorization
theorem. The special factorization that we need says that each inner func-
tion is the product of a Blaschke product and a zero free inner function, the
so called singular inner function, which is generated by a singular measure
residing on the unit circle. Roughly speaking, we can say that the Blaschke
product is formed with the zeros of an inner function inside the open unit
disc, and the singular part stems from its zeros on the boundary.

In July 2011, E. Fricain and I organized a conference on Blaschke products
and their applications in the Fields Institute (Toronto). There were several
interesting talks about the boundary behavior of inner functions, in partic-
ular Blaschke products, and their derivatives. I felt the need to gather some
classical results in a short monograph for graduate students and as a handy
reference for experts. However, the literature is very vast and it is a difficult
task to choose among various important results. For example, the book of
P. Colwell [16] can provide a panoramic picture of this subject. Hence, I re-
stricted myself just to the integral means of the derivatives and, even for this
narrow subject, I was very selective.

The Fields Institute exclusively supported our conference on Blaschke
products, and its direction constantly helped us for the production of the
proceedings and this monograph. In particular, I owe profound thanks to
Carl Riehm, the Managing Editor of Publications, for his care, guidance, and
enthusiastic support. Last but not the least, I would like to deeply thank
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Joseph Cima (University of North Carolina), Ian Graham (University of
Toronto), and Armen Edigarian (Jagiellonian University) who kindly read
the manuscript and made many valuable suggestions. Their remarks enor-
mously improved the quality of text.

Montreal, QC Javad Mashreghi
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Chapter 1

Inner Functions

The theory of Hardy spaces is a well established part of analytic function
theory. Inner functions constitute a special family in this category. Therefore,
it is natural to start with several topics on Hardy spaces and apply them in
our discussions. However, we are not in a position to study this theory in
detail and we assume that our readers have an elementary familiarity with
this subject. In this chapter, we briefly mention, mostly without proof, the
main theorems that we need in the study of inner functions. For a detailed
study of this topic, we refer to [33].

1.1 The Poisson Integral of a Measure

Let μ be a complex Borel measure on the unit circle T. Then the Poisson
integral of μ on the open unit disc D is defined by the formula

Pμ(z) =

∫
T

1− |z|2
|z − ζ|2 dμ(ζ), (z ∈ D).

If dμ(eiθ) = u(eiθ) dθ/2π, where u ∈ L1(T), instead of Pμ we write Pu. It
is easy to verify that h = Pμ is a harmonic function on D. Moreover, using
Fubini’s theorem and the identity

1

2π

∫ 2π

0

1− |z|2
|z − eiθ|2 dθ = 1, (z ∈ D), (1.1)

we see that

1

2π

∫ 2π

0

|h(reiθ)| dθ ≤
∫
T

(
1

2π

∫ 2π

0

1− r2

|reiθ − ζ|2 dθ

)
d|μ|(ζ) = ‖μ‖,

J. Mashreghi, Derivatives of Inner Functions, Fields Institute Monographs 31,
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2 1 Inner Functions

where ‖μ‖ is the total variation of the measure μ on T. Hence, h fulfills the
growth restriction

sup
0≤r<1

∫ 2π

0

|h(reiθ)| dθ < ∞. (1.2)

Hence, the Poisson integral of a Borel measure on T is a harmonic function
on D which satisfies (1.2). As a matter of fact, the converse to this assertion
is also true and we have the following complete characterization.

Theorem 1.1 (Plessner [36]) Let h be a function defined on D. Then the
following assertions are equivalent:

(i) h is a harmonic function on D which satisfies the condition (1.2);
(ii) there exists a (unique) Borel measure μ on T such that h = Pμ.

As a special case, if μ is positive, then h = Pμ is a positive harmonic function
on D which satisfies (1.2). And if h is a given positive harmonic function,
then, by the mean value property, it satisfies

∫ 2π

0

|h(reiθ)| dθ =

∫ 2π

0

h(reiθ) dθ = 2πh(0), (0 ≤ r < 1).

Therefore, in this case, Theorem 1.1 is rewritten as follows.

Corollary 1.2 (Herglotz [28]) Let h be a function defined on D. Then the
following assertions are equivalent:

(i) h is a positive harmonic function on D;
(ii) there exists a (unique) positive Borel measure μ on T such that h = Pμ.

The following celebrated result of Fatou provides a sufficient condition for
the existence of radial limits of Pμ.

Theorem 1.3 (Fatou [20]) Let μ be a complex Borel measure on T. Sup-
pose that at eiθ ∈ T the symmetric derivative

μ′(eiθ) = lim
t→0

μ
( {eis : s ∈ (θ − t, θ + t)} )

2t

exists. Then
lim
r→1

Pμ(re
iθ) = 2π μ′(eiθ).

Proof. Without loss of generality, assume that θ = 0. Put

U(x) = μ
( {eis : s ∈ [−π, x)} ), x ∈ [−π, π).

Then integration by parts gives
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Pμ(r) =

∫
T

1− r2

1 + r2 − 2r cos t
dμ(eit)

=

{
1− r2

1 + r2 − 2r cos t
U(t)

} ∣∣∣∣
π

−π

−
∫ π

−π

∂

∂t

{
1− r2

1 + r2 − 2r cos t

}
U(t) dt

=
1− r

1 + r
U(π) +

∫ π

−π

(1− r2) 2r sin t

(1 + r2 − 2r cos t)2
U(t) dt

=
1− r

1 + r
U(π) +

2r

1 + r

∫ π

−π

(1 + r)2 (1− r) t sin t

(1 + r2 − 2r cos t)2
× U(t)− U(−t)

2t
dt.

Let

φ(t) =
U(t)− U(−t)

2t
− μ′(1) =

1

2t

∫ t

−t

dμ(eis)− μ′(1), (−π ≤ t ≤ π),

and note that, by assumption,

lim
t→0

φ(t) = 0. (1.3)

Let

Fr(t) =
(1 + r)2 (1− r) t sin t

(1 + r2 − 2r cos t)2
, (0 ≤ r < 1, −π ≤ t ≤ π).

This function satisfies the following properties:

(i) Fr ≥ 0;
(ii)

1

2π

∫ π

−π

Fr(t) dt = 1;

(iii) for each fixed 0 < δ < π, we have

lim
r→0

(
sup

δ<|t|≤π

Fr(t)

)
= 0.

In technical language, Fr is a positive approximate identity on [−π, π]. Using
the new notations, we have

lim
r→1

Pμ(r) = lim
r→1

∫ π

−π

Fr(t)
(
φ(t)+μ′(1)

)
dt = 2πμ′(1)+lim

r→1

∫ π

−π

Fr(t)φ(t) dt.

By (1.3), given ε > 0, there is δ such that |φ(t)| < ε, whenever |t| < δ.
Without loss of generality, assume that δ < π. Then we have
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∣∣∣∣
∫ π

−π

Fr(t)φ(t) dt

∣∣∣∣ ≤
∫ δ

−δ

Fr(t) |φ(t)| dt+
∫
δ<|t|≤π

Fr(t) |φ(t)| dt

≤ ε

∫ δ

−δ

Fr(t) dt+

(
max

−π≤t≤π
|φ(t)|

) ∫
δ<|t|≤π

Fr(t) dt

≤ 2πε+ π

(
max

−π≤t≤π
|φ(t)|

) (
sup

δ<|t|≤π

Fr(t)

)
.

Therefore, for each ε > 0,

lim sup
r→1

∣∣∣∣
∫ π

−π

Fr(t)φ(t) dt

∣∣∣∣ ≤ 2πε.

This fact ensures that
lim
r→1

Pμ(r) = 2πμ′(1).

By Lebesgue’s decomposition theorem, for each complex Borel measure μ,
there are a function u ∈ L1(T) and a complex singular Borel measure σ such
that

dμ(eiθ) = u(eiθ) dθ/2π + dσ(eiθ).

Moreover, for almost all eiθ ∈ T,

μ′(eiθ) = lim
t→0

μ
( {eis : s ∈ (θ − t, θ + t)} )

2t
=

u(eiθ)

2π
.

Hence, we immediately obtain the following two results. First, if μ = σ is a
complex singular Borel measure on T, then

lim
r→1

Pσ(re
iθ) = 0 (1.4)

for almost all eiθ ∈ T. Second, if dμ = u dθ/2π is absolutely continuous, then

lim
r→1

Pu(re
iθ) = u(eiθ) (1.5)

for almost all eiθ ∈ T.
The following variant of Fatou’s theorem will also be needed. Since Fr is

a positive approximate identity, the proof of Theorem 1.3, with slight modi-
fication, works in this case too.

Theorem 1.4 Let μ be a finite positive Borel measure on T, and let eiθ ∈ T

be such that

μ′(eiθ) = lim
t→0

μ
( {eis : s ∈ (θ − t, θ + t)} )

2t
= ∞.
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Then
lim
r→1

Pμ(re
iθ) = ∞.

Proof. Without loss of generality, assume that θ = 0. We use the same nota-
tions as in the proof of Theorem 1.3. We have

lim
r→1

Pμ(r) = lim
r→1

∫ π

−π

Fr(t)φ(t) dt,

except that in this case

φ(t) =
U(t)− U(−t)

2t
=

1

2t

∫ t

−t

dμ(eis) ≥ 0, (−π ≤ t ≤ π),

and
lim
t→0

φ(t) = ∞.

Hence, givenM > 0, there is δ such that φ(t) ≥ M , whenever |t| < δ. Without
loss of generality, assume that δ < π. Then we have

∫ π

−π

Fr(t)φ(t) dt ≥
∫ δ

−δ

Fr(t)φ(t) dt

≥ M

∫ δ

−δ

Fr(t) dt

= M

(
2π −

∫
δ<|t|≤π

Fr(t) dt

)

≥ 2πM −M

(
sup

δ<|t|≤π

Fr(t)

)
.

Therefore, for each M > 0,

lim inf
r→1

∫ π

−π

Fr(t)φ(t) dt ≥ 2πM.

This fact ensures that
lim
r→1

Pμ(r) = ∞.

The set
SC(e

iθ) = { z ∈ D : |z − eiθ| ≤ C (1− |z|) },
where C > 1 is a constant, is called a Stolz domain. This domain looks like an
angle with vertex at eiθ, and the bigger C yields the wider angle. A function
f defined on D has a non-tangential limit at eiθ if, for each fixed constant C,
the limit

lim
z−→eiθ

z∈SC(eiθ)

f(z)
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exists and its value is independent of C. In this situation, we write

lim
z−→eiθ�

f(z).

In all preceding results, the radial limit can be replaced by a nontangen-
tial limit. The proofs become slightly more complicated. However, the same
techniques work.

In some applications, we will also need the approach region

SC,δ(e
iθ) =

{
z ∈ D : |eiθ − z| ≤ C(1 − |z|)δ},

where C ≥ 1 and 0 < δ ≤ 1. This is a generalized Stolz domain anchored at
eiθ ∈ T. The smaller δ, the more tangential SC,δ is to the boundary at eiθ.

1.2 The Hardy Space Hp(D)

Let f be an analytic function on the open unit disc D. Define

‖ f ‖p = sup
0≤r<1

‖fr‖p = sup
0≤r<1

(
1

2π

∫ 2π

0

|f(reiθ)|p dθ

) 1
p

,

if p ∈ (0,∞), and
‖ f ‖∞ = sup

z∈D

| f(z) |.

Then the Hardy space Hp(D) is the family of all analytic functions f which
satisfy the growth restriction ‖f‖p < ∞. The Hardy spaces H1, H2 and H∞

will frequently appear in our discussion. A simple application of Hölder’s
inequality shows that

H∞(D) ⊂ Hq(D) ⊂ Hp(D)

for 0 < p < q < ∞. In particular, we have H∞ ⊂ H2 ⊂ H1.
According to (1.5), for each f ∈ Hp(D), 0 < p ≤ ∞, the non-tangential

limit
f∗(eiθ) = lim

z−→eiθ�
f(z) (1.6)

exists for almost all eiθ ∈ T. Moreover, f∗ ∈ Lp(T) and ‖f∗‖Lp(T) = ‖f‖Hp(D),
0 < p ≤ ∞, and

lim
r→1

‖fr − f∗‖p = 0, (0 < p < ∞). (1.7)

This result establishes a norm preserving correspondence between Hp(D)
and a closed subspaces of Lp(T), which we denote by Hp(T). Hence, without
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facing any essential difficulty, we will also write f for f∗. For any nonzero
f ∈ Hp, we have

log |f | ∈ L1(T) (1.8)

and

log |f(reiθ)| ≤ 1

2π

∫ 2π

0

1− r2

1 + r2 − 2r cos(θ − t)
log |f(eit)| dt. (1.9)

If 1 ≤ p ≤ ∞, Hp(T) has the equivalent characterization

Hp(T) = {f ∈ Lp(T) : f̂(n) = 0, n ≤ −1},

where

f̂(n) =
1

2π

∫ 2π

0

f(eit) e−int dt, (n ∈ Z),

is the n-th Fourier coefficient of f . We also have

f(z) =
1

2π

∫ 2π

0

1− |z|2
|z − eit|2 f(eit) dt, (z ∈ D), (1.10)

or equivalently

f(reiθ) =
1

2π

∫ 2π

0

1− r2

1 + r2 − 2r cos(θ − t)
f(eit) dt, (reiθ ∈ D).

(1.11)
In other words, f is the Poisson integral of its boundary values.

A function f ∈ L∞(T) is called unimodular if

|f(eit)| = 1

for almost all eit ∈ T. A function f ∈ H∞(D) is called inner if it is unimodular
on the boundary. Note that if an analytic function on D has unimodular
boundary values almost everywhere on T, we cannot deduce that it is an
inner function. For example, the function

f(z) = exp

(
1 + z

1− z

)
, (z ∈ D),

satisfies
f(eiθ) = exp (i cot(θ/2))

for all eiθ ∈ T \ {1}. However, f is not an inner function, since

f(r) = exp

(
1 + r

1− r

)
−→ ∞

as r −→ 1.
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1.3 Two Classes of Inner Functions

This section is very important for the whole subject. We introduce two classes
of inner functions: Blaschke products and singular inner functions. Then we
will see that any arbitrary inner function has a unique decomposition as the
product of two such inner functions.

Let {zn}n�1 be a sequence of nonzero complex numbers inside the open
unit disc D with limn→∞ |zn| = 1. The sequence is indexed such that 0 <
|z1| � |z2| � · · · . It is worthwhile to mention that each number zn can repeat
a finite number of times. Let

Ω = Ω(zn) = C \
{

1

z̄n
: n ≥ 1

}cl

.

The notion Acl represents the topological closure of A in the complex plane.
Since limn→∞ |zn| = 1, all accumulation points of {1/z̄n : n ≥ 1} are on the
unite circle T. Clearly, this set has at least one accumulation point. On the
one hand, the set might have just one extreme point, e.g. when all the points
are on a radius. On the other hand, we can easily construct a sequence which
accumulates at all points of T, e.g. eiθn/n2 where (θn)n≥1 is an enumeration
of the rational numbers. Thus the domain Ω always contains open unit disc
D, and De \ {1/z̄n : n ≥ 1}, where De = {z : |z| > 1}. Moreover, it may also
contain some open arcs of T.

Fix m ∈ N, β ∈ R, and put

Bk(z) = eiβ zm
k∏

n=1

|zn|
zn

zn − z

1− z̄nz
. (1.12)

Under a certain condition on the rate of growth of (|zn|)n≥1, the partial
products Bk, k ≥ 1, converge uniformly on compact subsets of Ω to an
analytic function, which we denote by

B(z) = eiβ zm
∞∏
n=1

|zn|
zn

zn − z

1− z̄nz
. (1.13)

The function B is called an infinite Blaschke product for the open unit disc D.

Theorem 1.5 (Blaschke [9]) Let the points zn ∈ D \ {0}, n ≥ 1, be such
that limn→∞ |zn| = 1. Then a necessary and sufficient condition for the uni-
form convergence of Bk, given by (1.12), on compact subsets of

Ω = C \
{

1

z̄n
: n � 1

}cl

to a nonzero analytic function is that
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∞∑
n=1

( 1− |zn| ) < ∞.

Remark. There is no restriction on arg zn.

Proof. Suppose that Bk is uniformly convergent to B on compact subsets
of Ω. Without loss of generality, we can assume that B(0) 	= 0. Since other-
wise, we can consider the partial products Bk(z)/z

m, which uniformly con-
verge to B(z)/zm on compact subsets of Ω. The simple inequality

t � et−1, 0 � t � 1,

implies

|B(0)| =
∞∏
n=1

|zn| � exp

(
−

∞∑
n=1

(1− |zn|)
)
.

Since B(0) 	= 0, then
∞∑

n=1

( 1− |zn| ) < ∞.

Now, for the reverse implication, suppose that the last inequality holds.
The identity

|zn|
zn

zn − z

1− z̄nz
= 1− (

1− |zn|
) zn + |zn|z
zn ( 1 − z̄n z )

(1.14)

implies

∣∣∣∣ 1− |zn|
zn

zn − z

1− z̄nz

∣∣∣∣ ≤ (1− |zn|) 1 + |z|
|1− z̄nz| .

On compact subsets of Ω, we have

1 + |z|
|1− z̄nz| ≤

1 + |z|
|zn| |z − 1/z̄n| ≤

1 + |z|
|z1| dist(z, ∂Ω)

≤ C,

where C is a constant independent of n. However, C depends on the choice
of compact set, but this dependence is harmless. Therefore, for all z in a
compact subset of Ω,

∣∣∣∣ 1− |zn|
zn

zn − z

1− z̄nz

∣∣∣∣ � C (1− |zn|), (n ≥ 1).

This inequality establishes the uniform and absolute convergence of the
partial products Bk on compact subsets of Ω.
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A sequence {zn} of complex numbers in the open unit disc satisfying the
condition ∞∑

n=1

(
1− |zn|

)
< ∞. (1.15)

is called a Blaschke sequence. The growth restriction (1.15) is also known as
the Blaschke condition. Under this condition, the partial products Bk con-
verge uniformly on any compact subset of D to the infinite Blaschke product
B. Since |Bk(z)| ≤ 1 on D, we necessarily have

|B(z)| ≤ 1, (z ∈ D). (1.16)

Hence, a Blaschke product B, restricted to D, is in H∞(D). Thus, by (1.6),
for almost all eiθ ∈ T,

B(eiθ) = lim
z−→eiθ�

B(z)

exists and satisfies the norm identity

‖B ‖H∞(D) = ‖B ‖L∞(T).

Moreover, by (1.11),

B(reiθ) =
1

2π

∫ 2π

0

1− r2

1 + r2 − 2r cos(θ − t)
B(eit) dt, (reiθ ∈ D).

If B is a finite Blaschke product, then B(eiθ) is well defined analytic func-
tion on T. But, if B is an infinite Blaschke product, then B(eiθ) is defined
almost everywhere on T. According to Theorem 1.5, an infinite Blaschke
product is analytic and unimodular at eiθ ∈ T if and only if eiθ is not an
accumulation point of its zeros. But, if eiθ ∈ T is an accumulation point of
the zeros of B, then B is not even continuous there. Nevertheless, B(eiθ) is
still unimodular almost everywhere on T. This result is of special interest
when the zeros of B accumulate on a subset of T with a positive measure. In
particular, the zeros of B may accumulate at all points of T.

Lemma 1.6 Let B be a Blaschke product for the unit disc. Then

lim
r→1

1

2π

∫ 2π

0

log
∣∣B(reiθ)

∣∣ dθ = 0.

Proof. By (1.16),
1

2π

∫ 2π

0

log
∣∣B(reiθ)

∣∣ dθ ≤ 0 (1.17)

for all r, 0 ≤ r < 1.
Without loss of generality, we assume that B(0) 	= 0. Since otherwise,

we can divide B by zm, where m is the order of B at the origin, and this
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modification does not change the limit that we want to evaluate. Now, by
Jensen’s formula,

log |B(0)| =
∑

|zn|<r

log

( |zn|
r

)
+

1

2π

∫ 2π

0

log |B(reiθ)| dθ

for all r, 0 < r < 1. Since B(0) =
∏∞

n=1 |zn|, we thus obtain

1

2π

∫ 2π

0

log
∣∣B(reiθ)

∣∣ dθ =
∑

|zn|<r

log

(
r

|zn|
)
−

∞∑
n=1

log

(
1

|zn|
)
.

At this point we can appeal to the monotone convergence theorem and finish
the proof. However, a direct proof is also possible. Given ε > 0, choose N so
large that

∞∑
n=N+1

log

(
1

|zn|
)

< ε.

Then, for r > |zN |, we have

1

2π

∫ 2π

0

log
∣∣B(reiθ)

∣∣ dθ �
N∑

n=1

log

(
r

|zn|
)
−

N∑
n=1

log

(
1

|zn|
)
− ε.

Therefore,

lim inf
r→1

1

2π

∫ 2π

0

log
∣∣B(reiθ)

∣∣ dθ � −ε,

and, since ε is an arbitrary positive number,

lim inf
r→1

1

2π

∫ 2π

0

log
∣∣B(reiθ)

∣∣ dθ � 0.

Finally, (1.17) and the last inequality imply that the limit exists and is zero.

The property described in Lemma 1.6 has several applications. In fact,
we will see that it is a characterization of Blaschke products among inner
functions. In the first step, let us see how it implies thatB is an inner function.

Theorem 1.7 (Riesz [40]) Let B be a Blaschke product for the unit disc.
Then

|B(eiθ)| = 1

for almost all eiθ ∈ T.

Proof. By (1.16), we have |B(eiθ)| ≤ 1 for almost all eiθ ∈ T. Moreover, by
Fatou’s lemma and Lemma 1.6,

1

2π

∫ 2π

0

log

∣∣∣∣ 1

B(eiθ)

∣∣∣∣ dθ ≤ 0. (1.18)
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Since log
∣∣ 1/B(eiθ)

∣∣ � 0, and (1.18) holds, we must have |B(eiθ)| = 1 for
almost all eiθ ∈ T.

We now introduce the singular inner functions. Let σ be a positive singular
Borel measure on T, and let

S(z) = Sσ(z) = exp

(
−
∫
T

eit + z

eit − z
dσ(t)

)
. (1.19)

Clearly S is analytic on D. Since

|Sσ(re
iθ)| = exp

(
−
∫
T

1− r2

1 + r2 − 2r cos(θ − t)
dσ(t)

)
(1.20)

and σ is positive, then |S(reiθ)| ≤ 1 for all reiθ ∈ D, i.e. S ∈ H∞(D).
Moreover, by (1.4),

lim
r→1

|S(reiθ)| = 1

for almost all eiθ ∈ T. In other words, S is an inner function. The function S is
called a singular inner function. We end this section by describing a property
which always holds for singular inner functions. But, finite Blaschke products
never fulfil such a property. We will also construct infinite Blaschke products
which does not show such a behavior. See Theorem 7.1.

Lemma 1.8 Let σ be a positive singular Borel measure on T, with σ 	= 0.
Then there is at least one point eiθ ∈ T such that

lim
r→1

Sσ(re
iθ) = 0.

Proof. Since σ is singular with respect to Lebesgue measure

μ′(eiθ) = lim
t→0

μ
( {eis : s ∈ (θ − t, θ + t)} )

2t
= ∞.

for all eiθ ∈ E, where E ⊂ T is such that σ(T \ E) = 0. Since σ 	= 0, we
surely have E 	= ∅. Hence, by Theorem 1.4, at all points of E, we have

lim
r→1

∫
T

1− r2

1 + r2 − 2r cos(θ − t)
dσ(t) = ∞,

which, by (1.20), implies Sσ(re
iθ) −→ 0.

1.4 The Canonical Factorization

According to a celebrated result of Weierstrass, if (zn)n≥1 is a sequence in D

which does not cluster at any point inside D, or equivalently
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lim
n→∞ |zn| = 1,

then there is an analytic function f on D, f 	≡ 0, such that

f(zn) = 0, (n ≥ 1).

We even can choose f such that it has no other zeros. However, if we put
some restrictions on the rate of growth of |f |, as we approach to the boundary,
naturally it will cause some restriction on the rate of growth of zeros of f .
The following result is a manifestation of this fact.

Lemma 1.9 Let f be an analytic function on D, f 	≡ 0, and let (zn)n≥1

denote the sequence of its zeros in D. Then

∞∑
n=1

(1− |zn|) < ∞

if and only if

sup
0≤r<1

∫ 2π

0

log |f(reiθ)| dθ < ∞.

Remark. If f has a finite number of zeros on D, then we replace
∑∞

n=1 by∑N
n=1.

Proof. Put

M = sup
0≤r<1

∫ 2π

0

log |f(reiθ)| dθ.

Without loss of generality assume that f(0) 	= 0. Then, by Jensen’s formula,

1

2π

∫ 2π

0

log |f(reiθ)| dθ = log |f(0)|+
∑

|zn|<r

log
r

|zn| , (0 < r < 1).

Hence, either by the monotone convergence theorem or by direct verification
as we did in Lemma 1.6,

M = log |f(0)|+
∞∑
n=1

log
1

|zn| .

Therefore, M < ∞ if and only if

∞∑
n=1

log |zn| > −∞,

which is equivalent to the Blaschke condition.
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If f ∈ Hp(D), 0 < p < ∞ and f 	≡ 0, then

exp

(
1

2π

∫ 2π

0

log |f(reiθ)|p dθ
)

≤
∫ 2π

0

|f(reiθ)|p dθ
≤ ‖f‖pp.

Thus,
1

2π

∫ 2π

0

log |f(reiθ)| dθ ≤ log ‖f‖p.

This inequality trivially holds for p = ∞. Lemma 1.9 now ensures that we
can form a Blaschke product with zeros of f . F. Riesz discovered that we can
extract these zeros in a special way.

Theorem 1.10 (Riesz [40]) Let f ∈ Hp(D), f 	≡ 0, and let B be the
Blaschke product formed with the zeros of f in D. Then there is a zero free
g ∈ Hp(D) such that

f = B g,

and
‖f‖p = ‖g‖p.

Proof. Put g = f/B. Clearly g is a zero free analytic on D and, moreover,
‖f‖p ≤ ‖g‖p.

First, suppose that 0 < p < ∞. Fix N ≥ 1 and 0 < r < 1 such that there
is no zeros of f on the circle {|z| = r}. Let BN be the finite Blaschke product
formed with the first N zeros of f . Then gN = f/BN is an analytic function
on D, and

1

2π

∫ 2π

0

|gN (reiθ)|p dθ ≤ 1

2π

∫ 2π

0

|gN (ρeiθ)|p dθ

≤ 1

infθ |BN (ρeiθ)|p
(

1

2π

∫ 2π

0

|f(ρeiθ)|p dθ
)

≤ ‖f‖pp
infθ |BN (ρeiθ)|p

for all ρ, with r < ρ < 1. Let ρ −→ 1. Since |BN | uniformly tends to 1, then

1

2π

∫ 2π

0

|gN(reiθ)|p dθ ≤ ‖f‖pp.

Now, let N −→ ∞. On the circle {|z| = r}, BN tends uniformly to B. Hence,

1

2π

∫ 2π

0

|g(reiθ)|p dθ ≤ ‖f‖pp.
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Finally, let r −→ 1 through a sequence rn such that there is no zeros of f on
the circles {|z| = rn} to get ‖g‖p ≤ ‖f‖p.

With some minor modifications, the proof also works for p = ∞.

Corollary 1.11 Let 0 < p < ∞, and let f ∈ Hp(D), f 	≡ 0. Let B be the
Blaschke product formed with the zeros of f in D. Then there is g ∈ H2(D),
with no zeros on D, such that

f = B g2/p.

Moreover,
‖f‖pp = ‖g‖22.

Proof. By Theorem 1.10, f has the decomposition f = Bh, where h is a zero
free element of Hp(D) with ‖f‖p = ‖h‖p. Since h has no zeros on D, there is
an analytic function φ such that h = eφ. In other words, logh is well-defined
on D. Put g = epφ/2 and note that ‖g‖22 = ‖h‖pp = ‖f‖pp.

Theorem 1.10 is the first step toward an important factorization theorem
in Hardy spaces. According to Theorem 1.10, we can extract the zeros of
f ∈ Hp(D), 0 < p ≤ ∞, as a Blaschke factor. The following result shows that
there might still be a singular inner factor in f .

Theorem 1.12 (canonical factorization theorem) Let f ∈ Hp(D), 0 <
p ≤ ∞, f 	≡ 0. Then we have the unique factorization

f = B S h,

where B is the Blaschke product formed with the zeros of f ,

S(z) = exp

(
−
∫
T

eit + z

eit − z
dσ(eit)

)
, (z ∈ D),

is a singular inner factor formed with a finite, positive and singular Borel
measure σ on T, and h is given by the formula

h(z) = exp

(
1

2π

∫ 2π

0

eit + z

eit − z
log |f(eit)| dt

)
, (z ∈ D).

Moreover, h ∈ Hp(D) and
‖f‖p = ‖h‖p.

Proof. The property (1.8) enables us to define h as above. The function h is
analytic on D and satisfies the crucial identity

log |h(reiθ)| = 1

2π

∫ 2π

0

1− r2

1 + r2 − 2r cos(θ − t)
log |f(eit)| dt. (1.21)
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Therefore, by (1.9), we have

|f(z)| ≤ |h(z)|, (z ∈ D), (1.22)

and, by (1.5),

lim
r→1

log |h(reiθ)| = log |f(eiθ)| (1.23)

for almost all eiθ ∈ T.
The identity (1.21) implies

|h(reiθ)|p ≤ 1

2π

∫ 2π

0

1− r2

1 + r2 − 2r cos(θ − t)
|f(eit)|p dt,

and thus h ∈ Hp(D) with ‖h‖p ≤ ‖f‖p, while (1.22) shows that ‖f‖p ≤ ‖g‖p.
Hence, the norm equality holds.

Put φ = f/h. Since h has no zeros in D, φ is an analytic function on the
open unit disc. Moreover, by (1.22), φ ∈ H∞(D), and by (1.23),

lim
r→1

|φ(reiθ)| = 1

for almost all eiθ ∈ T. In other words, φ is an inner function. According to
Theorem 1.10, φ = B S, where S ∈ H∞(D) and is free of zeros in D. For
almost all eiθ ∈ T the radial limits of φ, B and S exist, and the radial limits
of φ and B are unimodular. Hence S is also an inner function.

Since S is inner and free of zeros on D, − log |S(z)| is a positive harmonic
function on D. Thus, according to Corollary 1.2, there is a positive Borel
measure on T such that

log |S(reiθ)| = −
∫
T

1− r2

1 + r2 − 2r cos(θ − t)
dσ(t). (1.24)

On the one hand, since S is inner,

lim
r→1

log |S(reiθ)| = 0,

and on the other hand, by Theorem 1.3,

lim
r→1

log |S(reiθ)| = −2π σ′(eiθ)

for almost all eiθ ∈ T. Hence, σ is singular with respect to Lebesgue measure.
Finally, the identity (1.24) can be rewritten as

� log(S(z) ) = �
(

−
∫
T

eit − z

eit + z
dσ(t)

)
.

Therefore, there is a real constant β such that

S(z) = eiβ exp

(
−
∫
T

eit − z

eit + z
dσ(t)

)
.
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The constant eiβ can be absorbed into the Blaschke product.

In the canonical factorization described above, the function h is called the
outer part of f and BS is called the inner part of f . Sometimes, instead
of h and BS we will respectively write Of and If . Hence, a function f ∈
Hp(D), 0 < p ≤ ∞, is called outer if its inner part is a unimodular constant.
Therefore, f is outer if and only if it has no zeros on D and the harmonic
function log |f | is given by the Poisson integral of its boundary values, i.e.

log |f(reiθ)| = 1

2π

∫ 2π

0

1− r2

1 + r2 − 2r cos(θ − t)
log |f(eit)| dt, (reiθ ∈ D).

Note that if f, g are in some Hardy spaces (not necessarily the same) and
g 	≡ 0, then Of/Og is also an outer function and

Of

Og
= Of/g. (1.25)

Up to now, we have seen two classes of inner functions: Blaschke products
and singular inner functions. Clearly any product of the form BS is also an
inner function. But more importantly, the canonical factorization theorem
shows that any inner function is of this form. This fact is implicitly stated
in Theorem 1.12. But, because of its importance for us, we repeat it again
below as a corollary.

Corollary 1.13 Let φ be an inner function for the open unit disc D. Let
B the Blaschke product formed with the zeros of φ. Then there is a finite,
positive, and singular Borel measure σ on T such that

φ = B Sσ.

1.5 A Characterization of Blaschke Products

In Corollary 1.13, we saw that an inner function φ decomposes as φ = BSσ,
where B is a Blaschke product and Sσ is a singular inner function. The
factor B reduces to a unimodular constant if and only if φ has no zeros on
D. Naturally, we may propose a similar question for the singular factor Sσ.
In other words, under which extra conditions, an inner function has to be a
Blaschke product? In this section we study two conditions of this type.

Theorem 1.14 Let φ be an inner function for the open unit disc D. Then
the limit

lim
r→1

∫ 2π

0

log
∣∣φ(reiθ)∣∣ dθ
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exists. Moreover, φ is a Blaschke product if and only if

lim
r→1

∫ 2π

0

log
∣∣φ(reiθ)∣∣ dθ = 0.

Proof. By Corollary 1.13, we have the decomposition φ = BSσ. Hence,
by (1.20),

log
∣∣φ(reiθ)∣∣ = log

∣∣B(reiθ)
∣∣− 1

2π

∫
T

1− r2

1 + r2 − 2r cos(θ − t)
dσ(t),

which, by (1.1), implies

∫ 2π

0

log
∣∣φ(reiθ)∣∣ dθ =

∫ 2π

0

log
∣∣B(reiθ)

∣∣ dθ −
∫
T

dσ(t).

Therefore, by Lemma 1.6, the required limit exists and is equal to

lim
r→1

∫ 2π

0

log
∣∣φ(reiθ)∣∣ dθ = lim

r→1−

∫ 2π

0

log
∣∣B(reiθ)

∣∣ dθ −
∫
T

dσ(t) = −σ(T).

The above identities show that

lim
r→1

∫ 2π

0

log
∣∣φ(reiθ)∣∣ dθ = 0,

holds if and only if σ(T) = 0. But, since σ is positive, σ(T) = 0 is equivalent
to σ ≡ 0.

In the preceding result, we considered the integral means of φ to detect
the Blaschke products. In the following result, we consider the radial limits.

Theorem 1.15 Let φ be an inner function for the unit disc D. Suppose that

lim
r→1

|φ(reiθ)| 	= 0

for all eiθ ∈ T. Then φ is a Blaschke product.

Remark. The assumption

lim
r→1

|φ(reiθ)| 	= 0

means that either the radial limit limr→1 |φ(reiθ)| does not exist, or it exists
but its value is not equal to zero.

Proof. By Corollary 1.13, we have the decomposition φ = BSσ, and thus

|φ(reiθ)| ≤ |Sσ(re
iθ)|, (reiθ ∈ D).
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Suppose that σ 	= 0. Then, by Lemma 1.8, there is at least one point eiθ ∈ T

such that
lim
r→1

Sσ(re
iθ) = 0.

Thus, at this point, we would have

lim
r→1

|φ(reiθ)| = 0

which is a contradiction.

Example 1.16 Theorem 1.15 enables us to detect some nontrivial Blaschke
products [7]. Let σ be the Dirac measure with unit mass at the point one.
Then the formula (1.19) gives the atomic inner function

S(z) = exp

(
− 1 + z

1− z

)
.

It is straightforward to see that

lim
r→1−

S(reiθ) = S(eiθ) = exp

(
− i cot(θ/2)

)

for every eiθ ∈ T \ {1}, and that

lim
r→1−

S(r) = 0.

Fix any α ∈ D, α 	= 0, and let

φ(z) =
α− S(z)

1− ᾱ S(z)
, (z ∈ D).

Appealing to the elementary properties of the Blaschke factor (α − w)/(1 −
ᾱ w), we see that

|φ(z)| < 1, (z ∈ D),

and

lim
r→1−

φ(reiθ) =
α− S(eiθ)

1− ᾱ S(eiθ)
∈ T

for every eiθ 	= 1, and that

lim
r→1

φ(r) = α 	= 0.

Hence, φ is an inner function. Moreover, by Theorem 1.14, φ is in fact a
Blaschke product. The zeros of φ are the solutions of the equation S(z) =
α, i.e.

exp

(
− 1 + z

1− z

)
= α.
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By an elementary calculation, the solution of the above equation are

zn =
log |α|+ i(argα+ 2nπ) + 1

log |α|+ i(argα+ 2nπ)− 1
, (n ∈ Z).

In particular, for α = 1/e, the solutions are

zn =
inπ

inπ − 1
, (n ∈ Z).

Note that, without appealing to Theorem 1.15, it is not straightforward that

φ(z) =
α− e−

1+z
1−z

1− ᾱ e−
1+z
1−z

, (α ∈ D \ {0}),

is a Blaschke product.

1.6 The Nevanlinna Class N and Its Subclass N+

The Nevanlinna class N is the family of all analytic functions f on the open
unit disc which satisfy the growth restriction

sup
0≤r<1

∫ π

−π

log+ |f(reiθ)| dθ < ∞. (1.26)

It is well-known that f ∈ N if and only if f is the quotient of two bounded
functions. In the light of the canonical factorization theorem, this character-
ization immediately implies the following properties of an element f ∈ N .

(i) The zeros of f satisfy the Blaschke condition. This property also follows
from Lemma 1.9.

(ii) For almost all eiθ ∈ T, the radial limits

f(eiθ) = lim
r→1

f(reiθ)

exist and are finite.
(iii) If f 	≡ 0, then log |f | ∈ L1(T).
(iv) There is a finite signed singular Borel measure σ on T such that

f = B Sσ O|f |,

where B is the Blaschke product formed with the zeros of f .

On the other hand, if B is any Blaschke product, σ is any finite signed singular
Borel measure on T, h is any positive measurable function with log h ∈ L1(T),
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then
B Sσ Oh ∈ N .

We emphasize that the measure σ appearing in the canonical decomposi-
tion of functions in the Nevanlinna class is not necessarily positive. Hence,
we define the proper subclass

N+ = { f ∈ N : f = B Sσ O|f | with σ ≥ 0 }.

Based on the canonical factorization theorem, we have

⋃
p>0

Hp(D) ⊂ N+,

and the inclusion is proper. The main advantage ofN+ overN is the following
result.

Theorem 1.17 Let f ∈ N+. Then f ∈ Hp(D), 0 < p ≤ ∞, if and only if
f ∈ Lp(T). In particular, if f ∈ Hs(D) for some s ∈ (0,∞] and f ∈ Lp(T),
for some 0 < p ≤ ∞, then f ∈ Hp(D).

Proof. Since f ∈ N+, it has the canonical factorization f = B Sσ O|f |, where
B is the Blaschke product formed with the zeros of f and σ is a finite positive
singular Borel measure on T. Therefore, φ = B Sσ is an inner function. Hence,
it is enough to show that O|f | ∈ Hp(D). But, O|f | ∈ Hp(D) if and only if
f ∈ Lp(T).

The function

f(z) = exp

{
1 + z

1− z

}
, (z ∈ D),

which was introduced at the end of Sect. 1.2 is such that f ∈ N with the
unimodular boundary values

f(eiθ) = ei cot(θ/2), (eiθ ∈ T).

However, f 	∈ H∞(D). This example shows that in Theorem 1.17, the as-
sumption f ∈ N+ cannot be weakened by replacing it with f ∈ N .

The following result provides a characterization of the elements of N+ in
the Nevanlinna class N .

Theorem 1.18 Let f ∈ N . Then f ∈ N+ if and only if

lim
r→1

∫ π

−π

log+ |f(reiθ)| dθ =

∫ π

−π

log+ |f(eiθ)| dθ. (1.27)

Proof. Suppose that f ∈ N+. Hence f = B Sσ O|f |, where σ is a finite
positive singular Borel measure on T. Therefore, |f | ≤ |O|f ||, which implies
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log+ |f(reiθ)| ≤ 1

2π

∫ π

−π

1− r2

1 + r2 − 2r cos(θ − t)
log+ |f(eit)| dt.

Thus, by Fubini’s theorem and (1.1),

∫ π

−π

log+ |f(reiθ)| dθ ≤
∫ π

−π

log+ |f(eit)| dt, (0 ≤ r < 1).

The quantity on the left side is an increasing function of r, and by Fatou’s
lemma, ∫ π

−π

log+ |f(eiθ)| dθ ≤ lim inf
r→1

∫ π

−π

log+ |f(reiθ)| dθ.

The preceding two inequalities show that (1.27) holds.
The other direction is a bit more delicate. Suppose that (1.27) holds. Let

f = B Sσ O|f | be the canonical decomposition of f ∈ N . Write g = Sσ O|f |.
Since f = Bg, it is enough to prove that g ∈ N+. We have |f | = |g| and

log |B(z)|+ log+ |g(z)| ≤ log+ |f(z)| ≤ log+ |g(z)|.

Thus, by Theorem 1.14 and our assumption (1.27),

lim
r→1

∫ π

−π

log+ |g(reiθ)| dθ =

∫ π

−π

log+ |g(eiθ)| dθ. (1.28)

The function g has the integral representation

log |g(reiθ)| = 1

2π

∫
T

1− r2

1 + r2 − 2r cos(θ − t)
dλ(eit), (reiθ ∈ D),

where
dλ(eit) = log |g(eit)| dt− dσ(eit).

Hence, the measures log |G(reit)| dt converge in the weak* topology to dλ(eit).
Take any sequence rn > 0, n ≥ 1, such that rn → 1. Since the sequences
(log+ |G(rne

it)| dt)n≥1 and (log− |G(rne
it)| dt)n≥1 are uniformly bounded in

the Banach space M(T), there is a subsequence (nk)k≥1 and two positive
measures λ1, λ2 ∈ M(T) such that

log+ |G(rnk
eit)| dt −→ dλ1(e

it) and log− |G(rnk
eit)| dt −→ dλ2(e

it)

in the weak-star topology. Hence, the measure λ is given by λ = λ1 − λ2.
Our main task is to show that λ1 is absolutely continuous with respect to
the Lebesgue measure. This fact is equivalent to saying that σ ≥ 0, and thus
the theorem would be proved.
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Let E be any Borel subset of T. Then, by Fatou’s lemma,

∫
E

log+ |g(eit)| dt ≤ lim inf
r→1

∫
E

log+ |g(reit)| dt

and ∫
T\E

log+ |g(eit)| dt ≤ lim inf
r→1

∫
T\E

log+ |g(reit)| dt.

If, in any one of the last two inequalities, the strict inequality holds, then
we add them up and obtain a strict inequality, with integrals on T, which
contradicts (1.28). Hence,

lim inf
r→1

∫
E

log+ |g(reit)| dt =
∫
E

log+ |g(eit)| dt

for all Borel subsets E of T. In particular, if we take r = rnk
, k −→ ∞, then

we see that the measures log+ |g(rnk
eit)| dt converge to log+ |g(eit)| dt in the

weak-star topology. Therefore,

dλ1(e
it) = log+ |g(eit)| dt ≥ 0.

1.7 Bergman Spaces

Fix 0 < p < 1. The Banach space Bp(D) consists of all analytic functions on
D for which the quantity

‖f‖Bp =

∫ 1

0

∫ 2π

0

|f(reiθ)| (1− r)
1
p−2 drdθ

is finite. Some authors prefer to replace drdθ by rdrdθ, or to multiply the
norm by a normalization constant. This comment also applies to other norms
which are defined below. It is easy to observe that

0 < p < q < 1 =⇒ Bq(D) ⊂ Bp(D).

It is also well-known that

Bp(D) ⊂ Hp(D), (0 < p < 1).

But, we do not need this result in the following.
The classical Bergman space Ap(D), 0 < p < ∞, consists of all analytic

functions f on D such that the quantity

‖f‖Ap =

(
1

π

∫ 1

0

∫ 2π

0

|f(reiθ)|p rdrdθ

) 1
p
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is finite. In the definition above, the constant is adjusted such that the norm
of the constant function f ≡ 1 is precisely 1. Note that

A1(D) = B
1
2 (D).

The weighted Bergman spaces Ap
γ are defined via the growth restriction

‖f‖Ap
γ
=

(
1 + γ

π

∫ 1

0

∫ 2π

0

|f(reiθ)|p r(1 − r2)γdr dθ

) 1
p

< ∞,

where γ > −1. Hence, we have

Ap = Ap
0.

It is easy to observe that

0 < p < q < ∞ =⇒ Aq(D) ⊂ Ap(D),

or even more generally, for a fixed γ,

0 < p < q < ∞ =⇒ Aq
γ(D) ⊂ Ap

γ(D).

If 0 < p < 1, then
d(f, g) = ‖f − g‖p

Ap
γ

defines a complete translation-invariant metric on Ap
γ(D), and thus Ap

γ(D) is
a Fréchet space in this case. But, for 1 ≤ p < ∞, ‖ · ‖Ap

γ
is a well-defined

complete norm on Ap
γ(D) and thus Ap

γ(D) is a Banach space. In particular,
for p = 2, the norm is produced by the inner product

〈f, g〉A2
γ
=

1

π(1 + γ)

∫ 1

0

∫ 2π

0

f(reiθ) g(reiθ) r(1 − r2)γdr dθ.

In other words, A2
γ(D) is a Hilbert space. If f and g have the Taylor series

representations

f(z) =

∞∑
n=0

an z
n and g(z) =

∞∑
n=0

bn z
n

on D, then either by direct verification or by applying the Parseval identity,
we obtain

〈f, g〉A2
γ
=

∞∑
n=0

n!Γ (γ + 2)

Γ (γ + n+ 2)
an b̄n. (1.29)

Hence,

‖f‖2A2
γ
=

∞∑
n=0

n!Γ (γ + 2)

Γ (γ + n+ 2)
|an|2. (1.30)
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In particular, in the classical case A2(D), we have

〈f, g〉A2 =

∞∑
n=0

an b̄n
n+ 1

, (1.31)

and

‖f‖2A2 =
∞∑

n=0

|an|2
n+ 1

. (1.32)

Theorem 1.19 (Hardy–Littlewood [25]) Let 0 < p < ∞. Then every
function f ∈ Hp(D) also belongs to A2p(D) and satisfies ‖f‖A2p ≤ ‖f‖Hp,
with equality if and only if

f(z) =
C

(1− λz)2/p
,

where λ ∈ D and C ∈ C are arbitrary constants.

Proof (Vukotić [45]). We first consider the case p = 2. If f has the Taylor
series representation

f(z) =

∞∑
n=0

an z
n

then f2 has the Taylor series

f2(z) =

∞∑
n=0

(
n∑

k=0

ak an−k

)
zn.

Therefore, by (1.32),

‖f‖4A4 = ‖f2‖2A2 =

∞∑
n=0

1

n+ 1

∣∣∣∣∣
n∑

k=0

ak an−k

∣∣∣∣∣
2

.

The Cauchy-Schwarz inequality gives

∣∣∣∣∣
n∑

k=0

ak an−k

∣∣∣∣∣
2

≤ (n+ 1)

n∑
k=0

|ak|2 |an−k|2. (1.33)

Hence,

‖f‖4A4 ≤
∞∑

n=0

n∑
k=0

|ak|2 |an−k|2 =

( ∞∑
m=0

|am|2
)2

= ‖f‖4H2 .

The equality holds if and only if we have equality in (1.33) for all n ≥ 0, and
the latter happens if and only if
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ak an−k = cn, (0 ≤ k ≤ n),

where cn does not depend on k. In particular, we must have a2n = a0 a2n =
c2n. This observation shows that a0 = 0 forces all other coefficients to be zero
and thus f = 0. If a0 	= 0, we use an a0 = an−1 a1 = cn to deduce

an = λan−1, (n ≥ 1),

where λ = a1/a0. Hence,

an = λn a0, (n ≥ 0).

With this choice of coefficients, we obtain

f(z) =
a0

1− λz
, (1.34)

and, for this function, equality holds in (1.33).
For other values of p, we use the Riesz technique (Corollary 1.11). Write

f = B g2/p, with g ∈ H2(D) and ‖f‖pp = ‖g‖22. Then, by the above discussion,

‖f‖2pA2p ≤ ‖g‖4A4 ≤ ‖g‖4H2 = ‖f‖2pHp .

The first inequality becomes an equality if and only if there is no Blaschke
factor. The second is an equality if and only if g has the form (1.34). Hence,
‖f‖A2p = ‖f‖Hp if and only if

f(z) =
C

(1− λz)2/p
.

The above proof shows that, when 1 ≤ p < ∞, the injection mapping

Hp(D) −→ A2p(D)
f �−→ f

has norm one. Moreover, this result is sharp in the sense that the exponent
2p is the best possible choice. More precisely,

Hp(D) 	⊂ Aq(D),

for any q > 2p. This is shown in the Example 4.5. For more information on
Bergman spaces see [18] and [26].



Chapter 2

The Exceptional Set of an Inner
Function

2.1 Frostman Shifts and the Exceptional Set Eϕ

For a fixed w ∈ D, the mapping

τ
w
(z) =

w − z

1− w̄ z
, (z ∈ D),

is an automorphism of the open unit disc D. Hence, for an inner function ϕ,

ϕw (z) =
w − ϕ(z)

1− w̄ ϕ(z)
, (z ∈ D),

maps D into itself. Hence, at least ϕ
w
is an element of the closed unit ball of

H∞. Moreover, for almost all eiθ ∈ T,

lim
r→1

ϕ
w
(reiθ) =

w − ϕ(eiθ)

1− w̄ ϕ(eiθ)
= −ϕ(eiθ)

w − ϕ(eiθ)

w̄ − ϕ(eiθ)
∈ T.

Therefore, for each w ∈ D, ϕw is in fact an inner function. What is not obvious
is that ϕ

w
has a good chance to be a Blaschke product. In other words, the

exceptional set

E
ϕ
= {w ∈ D : ϕ

w
is not a Blaschke product }

is small. What does small mean? In this section, we show that the Lebesgue
measure of Eϕ is zero. In Sect. 2.4, we refine this result by showing that the
logarithmic capacity of E

ϕ
is zero.

In view of the following result, the functions ϕ
w
, w ∈ D, are called the

Frostman shifts of ϕ. The following version of Frostman’s theorem says that
the two-dimensional Lebesgue measure of E

ϕ
is zero.

Theorem 2.1 (Frostman [23]) Let ϕ be an inner function for the open
unit disc D. Fix 0 < ρ < 1, and define

J. Mashreghi, Derivatives of Inner Functions, Fields Institute Monographs 31,
DOI 10.1007/978-1-4614-5611-7 2, © Springer Science+Business Media New York 2013
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Eρ(ϕ) = { eiϑ ∈ T : ϕρeiϑ is not a Blaschke product }.

Then Eρ(ϕ) has (one-dimensional) Lebesgue measure zero.

Proof. For each α ∈ D, we have

1

2π

∫ 2π

0

log

∣∣∣∣ ρeiϑ − α

1− ρe−iϑα

∣∣∣∣ dϑ = max(log ρ, log |α|). (2.1)

Since ϕ is inner, we can replace α by ϕ(reit) and then integrate with respect
to t. Hence,

1

2π

∫ 2π

0

( ∫ 2π

0

log
∣∣ϕρeiϑ(re

it)
∣∣ dϑ

)
dt =

∫ 2π

0

max(log ρ, log |ϕ(reit)|) dt,

where

ϕρeiϑ(z) =
ρeiϑ − ϕ(z)

1− ρe−iϑ ϕ(z)
, (z ∈ D).

Since ρ is fixed and |ϕ| ≤ 1, the family

fr(e
it) = max(log ρ, log |ϕ(reit)|), (eit ∈ T),

where the parameter r runs through [0, 1), is uniformly bounded. More ex-
plicitly, we have

log ρ ≤ fr(e
it) ≤ 0, (eit ∈ T).

Moreover,

lim
r→1

fr(e
it) = max(log ρ, lim

r→1
log |ϕ(reit)|) = max(log ρ, 0) = 0

for almost all eit ∈ T. Hence, by the dominated convergence theorem,

lim
r→1

∫ 2π

0

fr(e
it) dt = 0.

Therefore,

lim
r→1

∫ 2π

0

( ∫ 2π

0

log
∣∣ϕρeiϑ(re

it)
∣∣ dϑ

)
dt = 0.

But, considering the fact that the integrand log |ϕρeiϑ | is negative, in the light
of Fubini’s theorem, we can change the order of integration and write

lim
r→1

∫ 2π

0

( ∫ 2π

0

log
∣∣ϕρeiϑ(re

it)
∣∣ dt

)
dϑ = 0. (2.2)

Now, it is the time to appeal to Fatou’s lemma. For simplicity of notation, put
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M(r, w) =

∫ 2π

0

− log
∣∣ϕw(re

it)
∣∣ dt.

According to Theorem 1.14, we know that, for each fixed point w ∈ D, the
limit

lim
r→1

M(r, w)

exists and is a positive number. Moreover, by Fatou’s lemma,

∫ 2π

0

(
lim inf
r→1

M(r, ρeiϑ)

)
dϑ ≤ lim inf

r→1

∫ 2π

0

M(r, ρeiϑ) dϑ.

Hence, by (2.2) and that M ≥ 0,

∫ 2π

0

(
lim
r→1

M(r, ρeiϑ)

)
dϑ = 0,

which implies
lim
r→1

M(r, ρeiϑ) = 0

for almost all ϑ ∈ [0, 2π]. Therefore, again by Theorem 1.14, ϕρeiϑ is a
Blaschke product for almost all ϑ ∈ [0, 2π]. This means that Eρ(ϕ) has
Lebesgue measure zero.

The preceding result immediately implies an interesting approximation
theorem. It shows that the set of Blaschke products is uniformly dense in the
set of all inner functions.

Corollary 2.2 (Frostman [23]) Let ϕ be an inner function for the open
unit disc D. Then, given ε > 0, there is a Blaschke product B such that

‖ϕ−B‖H∞ < ε.

Proof. Take ρ ∈ (0, 1) small enough such that 2ρ/(1− ρ) < ε. According to
Theorem 2.1, on the circle {|z| = ρ}, there are many candidates ρeiϑ such
that ϕρeiϑ is a Blaschke product. Pick any one you wish. Then we have

|ϕ(z) + ϕρeiϑ(z)| =
∣∣∣∣ ρe

iϑ − ρe−iϑϕ2(z)

1− ρe−iϑϕ(z)

∣∣∣∣ ≤ 2ρ

1− ρ
< ε

for all z ∈ D. This simply means that

‖ϕ+ ϕρeiϑ‖∞ < ε.

Hence, the Blaschke product B = −ϕρeiϑ fulfils the required inequality ‖ϕ−
B‖H∞ < ε.
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2.2 Capacity

Let

Φα(r) =

⎧⎨
⎩

1/rα if α > 0,

log 1/r if α = 0.

Let μ be a positive Borel measure with compact support in the complex plane
C. Then the potential function created by μ and the kernel Φα is defined by

Pα,μ(z) =

∫
C

Φα(|z − w|) dμ(w). (2.3)

In particular, Pμ = P0,μ is the famous logarithmic potential. Since the kernel
Φ0 assumes both positive and negative values, the treatment of the logarith-
mic potential is slightly different from the others. It is easy to see that Pα,μ

is a superharmonic function with values in (−∞,∞] on the complex plane C

with

Φα(r) =

⎧⎨
⎩

‖μ‖ (1 + o(1))/|z|α if α > 0,

‖μ‖ log(1/|z|) (1 + o(1)) if α = 0,

as z −→ ∞.
In some applications, in particular when we treat subsets of the open unit

disc D, it is easier to work with the Green potential

Gα,μ(z) =

∫
C

Φα

(∣∣∣∣ w − z

1− w̄ z

∣∣∣∣
)

dμ(w). (2.4)

The main advantage of this potential is that, as w ranges on a compact subset
of D, the quantity |w− z|/|1− w̄ z| uniformly tends to 1 as |z| −→ 1. Hence,
in this situation, G0,μ(z) −→ 0. In other words, G0,μ is continuous on an
annulus around T and, moreover, G0,μ ≡ 0 on T.

The quantity

Eα,μ =

∫
C

Pα,μ(z) dμ(z) =

∫
C

∫
C

Φα(|z − w|) dμ(w)dμ(z) (2.5)

is called the energy of μ. Note that in (2.3) and (2.5), we can replace
∫
C
by∫

supp μ where supp μ is the support of μ. For a given compact set K, the
quantities

inf
μ

(
sup
z∈K

Pα,μ(z)

)
and inf

μ
Eα,μ, (2.6)

where in both cases the infimum is taken over all probability measures μ
whose supports are in K, are important in our discussion. The maximum
principle, one of the most essential results of potential theory, says that
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sup
z∈K

Pα,μ(z) = sup
z∈C

Pα,μ(z),

and thus, in (2.6) we can replace K by C. Then, according to a celebrated
theorem of Frostman in potential theory [22], the quantities introduced in
(2.6) are equal, and hence we define

Δα(K) = inf
μ

(
sup
z∈K

Pα,μ(z)

)
= inf

μ
Eα,μ.

Using this fact, the Cα-capacity of K, denoted by Cα(K), is defined by the
equation

Φα

(
Cα(K)

)
= Δα(K).

Since Φα is one-to-one, Cα(K) is well-defined. In other words, we have

Cα(K) =

⎧⎨
⎩

Δα(K)−
1
α if α > 0,

e−Δα(K) if α = 0.

(2.7)

The C0-capacity is also referred to as the logarithmic capacity. It is worthwhile
to mention that Frostman’s theorem goes further and says that there is a
particular measure μ, which is called the equilibrium measure and whose
choice surely depends on K and α, such that

Δα(K) = sup
z∈K

Pα,μ(z) = Eα,μ.

It is usually difficult to exactly evaluate Cα(K). As a matter of fact, in most
applications, we simply want to know either Cα(K) = 0 or Cα(K) > 0. The
following result gives a characterization of the case Cα(K) > 0.

Theorem 2.3 Let K be a compact subset of the open unit disc D, and let
α ≥ 0. Then the following assertions are equivalent.

(i) Cα(K) > 0.
(ii) There is a positive Borel measure μ, with μ 	= 0, whose support is in K

and the potential Pα,μ is bounded above on C.
(iii) There is a positive Borel measure μ, with μ 	= 0, whose support is in K

and the Green potential Gα,μ is bounded above on C.

Proof. (i) ⇐⇒ (ii): This is a direct consequence of (2.7).
(ii) ⇐⇒ (iii): It follows from the estimations

0 < 1− d ≤ |1− w̄ z| < 2,

where d = maxz∈K |z|.
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An arbitrary set E ⊂ C is said to have positive α-capacity if there is
a compact subset of E whose α-capacity is positive. The following result
shows that a Borel set of logarithmic capacity zero has the (two-dimensional)
Lebesgue measure zero. Knowing that the logarithmic capacity of an interval
is positive, we see that the family of Borel subsets of C with logarithmic
capacity zero is a proper subclass of the family of all Borel subsets of Lebesgue
measure zero.

Corollary 2.4 Let E be a Borel subset of C whose two-dimensional Lebesgue
measure is positive. Then, for each 0 ≤ α < 2, we have Cα(E) > 0.

Proof. The result essentially follows from the fact that the functions log 1/|z|
and 1/|z|α, for 0 < α < 2, are locally integrable.

By regularity, there is a compact subset K in E whose two-dimensional
Lebesgue measure is positive. Without loss of generality, we can assume that
d = diam(K) < 1. Denoting the Lebesgue measure by m, define μ by

μ(A) = m(A ∩K),

where A is a Borel subset of C. Then μ is a positive Borel measure, with
μ 	= 0 and Supp μ = K, and

Pα,μ(z) =

∫
C

Φα(|z − w|) dμ(w) ≤ 2π

∫ 1

0

Φα(r) dr < ∞.

Theorem 2.3 now implies that Cα(K) > 0. Thus, by definition, we also have
Cα(E) > 0.

If E is a Borel set of diameter at most one, we have

Cβ(E) ≤ k Cα(E), (β ≥ α ≥ 0),

where the constant k > 0 depends on the parameters α and β. Hence, for
any Borel set E, the condition Cα(E) = 0 implies Cβ(E) = 0 for all β ≥ α.
Based on this observation, the Capacity dimension of E is defined by

dimC(E) = inf{α : Cα(E) = 0 }.

For more detailed treatment of this subject, see [44, Chap. 8].

2.3 Hausdorff Dimension

In the definition of a Hausdorff measure, we need a positive increasing and
continuous function h which is defined on the interval [0,∞) and h(0) = 0.
In particular, we will consider the family of functions
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hα(t) =

⎧⎨
⎩

tα if α > 0,

1
log 1/t if α = 0.

(2.8)

However, since, in our discussions, the behavior h(t) for small values of t is
important, sometimes we just give the definition of h on an interval [0, δ],
where δ > 0. The extension to (δ,∞) is rather arbitrary.

Let E be any subset of C. If there are open discs B(zn, rn), n ≥ 1, such
that E ⊂ ∪nB(zn, rn), we say that ∪nB(zn, rn) is a covering of E. Fixing a
function h as described above, define

μ
h,δ

(E) = inf

{ ∑
n

h(rn) : E ⊂
⋃
n

B(zn, rn), and rn ≤ δ

}
,

where the infimum is taken over all possible coverings of E. The quantity
μ

h,δ
(E) is a decreasing function of δ. Hence, we can also define

μ
h
(E) = μ

h,0
(E) = lim

δ→0
μ

h,δ
(E)

and

μ
h,∞(E) = lim

δ→∞
μ

h,δ
(E) = inf

{ ∑
n

h(rn) : E ⊂
⋃
n

B(zn, rn)

}
.

Therefore, in evaluating μ
h
(E) just the fine coverings of E are important,

while in μ
h,∞(E) all covering are considered. The functions μ

h,δ
, where 0 ≤

δ ≤ ∞, are outer regular measures such that all Borel subsets of the complex
plane are measurable with respect to them. In particular, these measures
become more interesting when we exploit the family hα. In this situation, we
will write μ

α,δ
and μ

α
respectively for μ

hα,δ
and μ

hα
.

According to the definition above, we immediately see that

μ
h,∞(E) ≤ μ

h,δ
(E) ≤ μ

h
(E).

Moreover, if μ
h,∞(E) = 0, then, given any ε > 0, there is a covering such that

E ⊂ ⋃
n B(zn, rn) and

∑
n h(rn) < ε. Therefore, at least h(rn) < ε which

imposes the restriction

rn < h−1(ε), (n ≥ 1). (2.9)

Back to the relation E ⊂ ⋃
n B(zn, rn), in the light of (2.9), we can now say

μ
h,h−1(ε)

(E) < ε. Let ε −→ 0 to get μ
h
(E) = 0. Therefore, we have

μ
h,∞(E) = 0 ⇐⇒ μ

h
(E) = 0. (2.10)
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The above definition also implies that μ
h1
(E) ≤ C μ

h2
(E) provided that

the inequality h1(t) ≤ C h2(t) holds at least in a right neighborhood of the
origin. This property immediately gives

0 ≤ μ
α
(E) < ∞ =⇒ μ

β
(E) = 0, (β > α),

and
0 < μ

α
(E) ≤ ∞ =⇒ μ

β
(E) = ∞, (β < α).

Hence, for a fixed Borel set E, the graph of α �−→ μ
α
(E) is a step function

with two possible values ∞ and 0 which breaks at some points in the interval
[0,∞). At the breaking point, it can take a finite positive value. Based on
this observation, the Hausdorff dimension of E is defined by

dimH(E) = inf{α : μα(E) = 0 }.

If {α : μα(E) = ∞} 	= ∅, we can also say

dimH(E) = sup{α : μ
α
(E) = ∞}.

However, it is striking to know that

dimH(E) = dimC(E). (2.11)

That is why we will simply write dim(E) to refer to the above common
quantity.

For integers j, k and n, the set

Q =

[
j

2n
,
j + 1

2n

)
×
[
k

2n
,
k + 1

2n

)

is called a dyadic square in the complex plane. It has the side length 
(Q) =
2−n. If Q1 and Q2 are any two dyadic squares, it is fundamental to observe
that if Q1 ∩Q2 	= ∅, then either Q1 ⊂ Q2 or Q2 ⊂ Q1. We now define

m
h
(E) = inf

{ ∑
n

h(
(Qn)) : E ⊂
⋃
n

Qn

}
,

where the infimum is taken over all dyadic covers of E. Since every dyadic
square of side length r is contained in a disc of radius r and each disc of
radius is contained in at most 25 dyadic squares Q with r/2 < 
(Q) ≤ r, we
have

μ
h,∞(E) ≤ m

h
(E) ≤ 25μ

h,∞(E). (2.12)

Hence, according to (2.10) and (2.12), we deduce

μ
h,∞(E) = 0 ⇐⇒ μ

h
(E) = 0 ⇐⇒ m

h
(E) = 0, (2.13)



2.4 Eϕ Has Logarithmic Capacity Zero 35

and this fact implies

dim(E) = inf{α : μ
α
(E) = 0 }

= inf{α : μ
α,∞(E) = 0 }

= inf{α : m
α
(E) = 0 }.

We now discuss the construction of a generalized Cantor set on the unit
interval [0, 1]. However, with small modifications, this method can also be
applied for the unit circle T. Let E0 = [0, 1]. Remove an open interval from
the middle of E0 to obtain E1 which is the union of two closed intervals of
length 
1. In the next step, we remove an open interval from the middle of
each interval in E1 to obtain E2 which is the union of four closed intervals
of length 
2. Hence, continuing this procedure, En would be the union of 2n

closed intervals of length 
n. Put

E =

∞⋂
n=0

En.

The generalized Cantor set E is a perfect set and

μ
α
(E) = C lim

n→∞ 2n 
αn, (2.14)

where the constant C just depends on α. Whenever needed, we can enumerate
all the intervals that appear in this procedure, say In, n ≥ 1, such that
I2n , I2n+1, · · · , I2n+1−1 represent the 2n intervals that make En.

2.4 Eϕ Has Logarithmic Capacity Zero

In Sect. 2.1, the exceptional set E
ϕ
for an inner function ϕ was defined and we

saw that this set has Lebesgue measure zero. Now, we have enough tools to re-
fine this result by showing that its logarithmic capacity is in fact zero. Hence,
in the light of Corollary 2.4, this result is a generalization of Theorem 2.1.

Theorem 2.5 (Frostman [23]) Let ϕ be a nonconstant inner function for
the open unit disc D. Then the logarithmic capacity of E

ϕ
is zero.

Proof. Suppose, on the contrary, that the logarithmic capacity of E
ϕ
is strictly

positive, i.e. C0( Eϕ
) > 0. Hence, by Theorem 2.3, there is a positive Borel

measure μ, with μ 	= 0, whose support K lies in E
ϕ
and the Green potential

G0,μ(z) =

∫
K

log

∣∣∣∣1− w̄ z

w − z

∣∣∣∣ dμ(w), (z ∈ C),
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is bounded above on C. Clearly, we also have G0,μ ≥ 0 on D. The trick is to
consider the function

Φ(z) = (G0,μ ◦ ϕ)(z) =
∫
K

log

∣∣∣∣1− w̄ ϕ(z)

w − ϕ(z)

∣∣∣∣ dμ(w), (z ∈ D).

Since K ⊂ D, the potential G0,μ is continuous at all points of T (indeed,
locally harmonic at such points) and, moreover, G0,μ ≡ 0 on T. Hence, re-
membering that ϕ is inner, we deduce

lim
r→1

Φ(reiθ) = lim
r→1

G0,μ(ϕ(re
iθ) ) = G0,μ( lim

r→1
ϕ(reiθ) ) = 0

for almost all eiθ ∈ T. Thus, by the dominated convergence theorem,

lim
r→1

∫ 2π

0

Φ(reiθ) dθ = 0. (2.15)

Note that we used the assumption that Φ is bounded on D. But, by Fubini’s
theorem,

∫ 2π

0

Φ(reiθ) dθ =

∫
K

(∫ 2π

0

log

∣∣∣∣1− w̄ ϕ(reiθ)

w − ϕ(reiθ)

∣∣∣∣ dθ
)

dμ(w),

and thus, using the notation M(r, w) exploited in the proof of Theorem 2.1,
the relation (2.15) is rewritten as

lim
r→1

∫
K

M(r, w) dμ(w) = 0. (2.16)

According to Theorem 1.14, we know that, for each fixed w ∈ D,

lim
r→1

M(r, w) (2.17)

exists and is positive. Moreover, by Fatou’s lemma,

∫ 2π

0

(
lim inf
r→1

M(r, w)

)
dμ(w) ≤ lim inf

r→1

∫ 2π

0

M(r, w) dμ(w).

Therefore, by (2.16) and (2.17), we must have

∫ 2π

0

(
lim
r→1

M(r, w)

)
dμ(w) = 0.

This requires that

lim
r→1

M(r, w) = 0, (μ-a.e. w ∈ K).
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Hence, again by Theorem 1.14, ϕw is a Blaschke product for all w ∈ K,
except possibly on a set of μ-measure zero. But the inclusion K ⊂ E

ϕ
means

that for no point of K, this assertion holds. This is a contradiction.

This version of Frostman’s theorem shows that dim(E
ϕ
) = 0.

2.5 The Cluster Set at a Boundary Point

Let f ∈ H∞(D) and let ζ ∈ T. The Euclidean disc of radius r and center ζ
is denoted by D(ζ, r). Then the cluster set of f at ζ is

C(f, ζ) =
⋂
r>0

ClosC f
(
D ∩D(ζ, r)

)
,

and its range set is defined by

R(f, ζ) =
⋂
r>0

f
(
D ∩D(ζ, r)

)
.

Directly from these definitions, it is clear that C(f, ζ) is a compact connected
subset of C and

R(f, ζ) ⊂ C(f, ζ).
The finite intersection property of compact sets also reveals that C(f, ζ) is
nonempty. Moreover, f is continuous at ζ if and only if C(f, ζ) is a singleton.
But, R(f, ζ) is a connected Gδ subset of C, which also might be empty. For
example, if f is not constant and has an analytic continuation across ζ, then,
in the light of uniqueness theorem for analytic functions, we have

C(f, ζ) = {f(ζ)} and R(f, ζ) = ∅.

As a matter of fact, the following topological interpretation helps us to verify
the preceding claim and it is also useful in other applications. A point w
belongs to C(f, ζ) if and only if there is a sequence (zn)n≥1 ⊂ D such that

lim
n→∞ zn = ζ and lim

n→∞ f(zn) = w.

But, w belongs to R(f, ζ) if and only if there is a sequence (zn)n≥1 ⊂ D such
that

lim
n→∞ zn = ζ and f(zn) = w.

In other words, R(f, ζ) is the set of values assumed by f infinitely many
times in every neighborhood of ζ in D, while, roughly speaking, C(f, ζ) is the
set of values that can be approximated by f in every neighborhood of ζ in D.
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Theorem 2.6 Let ϕ be a nonconstant inner function, and let ζ ∈ T be a
singular point of ϕ. Then

C(ϕ, ζ) = D and D \ E
ϕ

⊂ R(ϕ, ζ) ⊂ D.

Proof. Since, by Theorem 2.5, Eϕ has no interior and that, for an inner func-

tion, C(ϕ, ζ) is necessarily a compact subset of D, the second assertion implies
the first one.

We remind that the singular points of a Blaschke product are precisely the
accumulation points of its zero set on T. Now, if w ∈ D \ E

ϕ
, then, by the

definition of E
ϕ
,

ϕw (z) = (τw ◦ ϕ)(z) = w − ϕ(z)

1− w̄ ϕ(z)
, (z ∈ D),

is a Blaschke product. Moreover, since ϕ cannot be analytically extended
across ζ, then neither does ϕ

w
. Otherwise, ϕ = τ

w
◦ϕ

w
would have an analytic

extension across ζ, which is a contradiction. In other words, ζ is also a singular
point of ϕ

w
. Thus, it is an accumulation point of the zeros of ϕ

w
, which means

that there is a sequence (zn)n≥1 ⊂ D such that

ϕw (zn) =
w − ϕ(zn)

1− w̄ ϕ(zn)
= 0 and lim

n→∞ zn = ζ.

Therefore, w ∈ R(ϕ, ζ).

The preceding result shows that a nonconstant inner function assumes all
points of D, except possibly a subset of logarithmic capacity zero, infinitely
many times in each neighborhood of any of its singular points. Consider a
Blaschke product whose zeros accumulates at all points of T, or a singular
inner functions constructed by a measure whose support is T. Then such a
function exhibits this rough behavior at all points of T and at the same time,
according to Fatou’s theorem, it has nontangential limits almost everywhere.
This is a function with a very wild boundary behavior. Despite this wild be-
havior, still we can choose the zeros such that the nontangential limits exist at
all points of T. A comprehensive treatment of this subject is available at [15].



Chapter 3

The Derivative of Finite Blaschke
Products

3.1 Elementary Formulas for B′

Let w ∈ D. Consider the Blaschke factor

b(z) =
w − z

1− w̄ z
.

Then direct computation shows that

b′(z) = − 1− |w|2
(1 − w̄ z)2

. (3.1)

We can easily obtain similar results for finite Blaschke products. In fact, put

B(z) =

n∏

k=1

zk − z

1− z̄k z
,

and

Bj(z) =

n∏

k=1
k�=j

zk − z

1− z̄k z
, (1 ≤ j ≤ n).

Then direct computation shows that

B′(z) = −
n∑

k=1

1− |zk|2
(1− z̄k z)2

Bk(z). (3.2)

In particular, we have

B′(zj) = − 1

1− |zj |2
n∏

k=1
k�=j

zk − zj
1− z̄k zj

, (1 ≤ j ≤ n). (3.3)

J. Mashreghi, Derivatives of Inner Functions, Fields Institute Monographs 31,
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Dividing both sides of (3.2) by B gives us the logarithmic derivative of B, i.e.

B′(z)
B(z)

=

n∑

k=1

1− |zk|2
(1− z̄k z)(z − zk)

. (3.4)

This relation is valid at all points of C \{zk, 1/z̄k : 1 ≤ k ≤ n
}
. As a special

case, at each eiθ ∈ T, (3.4) is rewritten as

B′(eiθ)
e−iθ B(eiθ)

=

n∑

k=1

1− |zk|2
|eiθ − zk|2 . (3.5)

This identity immediately implies

|B′(eiθ)| =
n∑

k=1

1− |zk|2
|eiθ − zk|2 . (3.6)

The generalization of all above identities for infinite Blaschke products
will be discussed in Sect. 4.1. The following result is a direct consequence of
formula (3.6).

Lemma 3.1 Let B be a finite Blaschke product for the open unit disc. Then

B′(eiθ) �= 0

for all eiθ ∈ T.

3.2 The Cardinality of the Zeros of B′

If B is a finite Blaschke product of degree n, then, by (3.4), we see that
B′ = P/Q, where P and Q are polynomials and deg(P ) ≤ 2n−2. Lemma 3.1
ensures that no zeros of B′ are of the unit circle T. Hence, they are either in
D or in De. We explore further the locus of zeros of B′ below and in Sect. 3.4.

Lemma 3.2 Let B be finite Blaschke product for D. Suppose that w ∈ D\{0},
and that w is not a zero of B. Then B′(w) = 0 if and only if B′(1/w̄) = 0.

Proof. For each z ∈ D, z �= 0, we have

B(z) B(1/z̄) = 1.

Taking the derivative of both sides with respect to z gives

B′(z) B(1/z̄)− 1

z2
B(z) B′(1/z̄) = 0.

This identity shows that
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B′(w) = 0 ⇐⇒ B′(1/w̄) = 0.

One fact is implicitly stated in Lemma 3.2. If z ∈ De is such that B′(z) = 0,
then certainly z is not a pole of B, which is equivalent to say that w = 1/z̄
is not a zero of B. Hence, we must have B′(1/z̄) = 0.

Theorem 3.3 Let B be a finite Blaschke product of order n for D. Write

B(z) = eiβ zj0
m∏

k=1

(
zk − z

1− z̄k z

)jk

,

where β ∈ R, jk are some nonnegative integers with

j0 + j1 + · · ·+ jm = n,

and zk’s are distinct points in D \ {0}. Then B′ has precisely n− 1 solutions
in D and the number of its solutions in De are

⎧
⎨

⎩

= m if j0 �= 0,

≤ m− 1 if j0 = 0.

Proof. To show that B′ has always n − 1 zeros in D, first suppose that the
zeros are distinct and also neither B nor B′ have any zeros at the origin.
Hence, by (3.4), B′(z) = 0 if and only if

n∑

k=1

1− |zk|2
(1− z̄k z)(z − zk)

= 0.

Multiplying both sides by

n∏

k=1

(1− z̄k z)(z − zk),

we obtain a polynomial of degree 2n− 2 with no from the set

{0, z1, . . . , zn, 1/z̄1, . . . , 1/z̄n}.

Therefore, by Lemma 3.2, there are exactly n− 1 zeros in D and n− 1 zeros
in De. In the general case, we can approximate B by a family Bε of finite
Blaschke products of order n with distinct zeros and such that neither Bε

nor B′
ε have any zeros at the origin. The convergence is uniform on compact

subsets of D. Hence, counting multiplicities, B′ has exactly n− 1 zeros in D.
But, it might have fewer zeros in De. The reason is that, in De, the zeros of
B′

ε may cluster at the poles of B or at ∞.
We now study the zeros of B′ in De. First assume that j0 �= 0. Then, by

direct verification, we see that
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B′(z) = zj0−1 ×
∏m

k=1(z − zk)
jk−1

∏m
k=1(z − 1/z̄k)jk+1

× P (z),

where P is a polynomial of degree 2m and it has no zeros among {0, z1, . . . , zm}.
Hence, B′ has n+m− 1 zeros in C. These are the zeros of B, repeated ap-
propriately, and the zeros of P . For the latter, Lemma 3.2 applies and says
its zeros are of the form

w1, 1/w̄1, w2, 1/w̄2, . . . , wm, 1/w̄m,

where w1, w2, . . . , wm ∈ D \ {0, z1, . . . , zm}.
Now, suppose that j0 = 0. Write

B(z) = C

∏m
k=1(z − zk)

jk

∏m
k=1(z − 1/z̄k)jk

= C

(
1 +

Q(z)∏m
k=1(z − 1/z̄k)jk

)
,

where C is a suitable constant and Q is a polynomial of degree n− 1. These
representations show

B′(z) =
∏m

k=1(z − zk)
jk−1

∏m
k=1(z − 1/z̄k)jk+1

× P (z),

where P is a polynomial of degree at most 2m− 2 and it has no zeros from
the set {z1, . . . , zm}. Hence, B′ has at most n+m− 2 zeros in C. These are
the zeros of B, repeated appropriately, and the zeros of P . In this case, P
might have zeros at the origin. For the rest of its zeros, Lemma 3.2 applies.
Therefore, P can have �′ zeros at the origin and the rest are of the form

w1, 1/w̄1, w2, 1/w̄2, . . . , w�, 1/w̄�,

where w1, w2, . . . , w� ∈ D \ {0, z1, . . . , zm}. Certainly �′ + 2� = deg(P ) ≤
2m− 2. Hence, � ≤ m− 1.

3.3 A Formula for |B′|

Let

B(z) =
z0 − z

1− z̄0 z
.

Then it is easy to verify that

|B(z)|2 = 1− (1− |z|2) (1− |z0|2)
|1− z̄0 z|2 . (3.7)

This identity can be rewritten as
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1− |B(z)|2
1− |z|2 =

1− |z0|2
|1 − z̄0 z|2 ,

and we can generalize it in the following manner.

Theorem 3.4 Let

B(z) =

n∏

j=1

zj − z

1− z̄j z
.

Put B1 = 1 and

Bk(z) =

k−1∏

j=1

zj − z

1− z̄j z
, (2 ≤ k ≤ n).

Then, for each z ∈ C \ T,

1− |B(z)|2
1− |z|2 =

n∑

k=1

|Bk(z)|2 1− |zk|2
|1− z̄k z|2 .

Proof. The proof is by induction on the order of B. The case n = 1 is exactly
the identity (3.7). Now, suppose that it holds for any Blaschke product of
order n− 1. Hence, by induction hypothesis,

1− |Bn(z)|2
1− |z|2 =

n−1∑

k=1

|Bk(z)|2 1− |zk|2
|1− z̄k z|2 . (3.8)

But,

B(z) = Bn(z)
zn − z

1− z̄n z
,

and thus

1− |B(z)|2 = 1− |Bn(z)|2
∣∣∣∣
zn − z

1− z̄n z

∣∣∣∣
2

= 1− |Bn(z)|2 + |Bn(z)|2
(
1−

∣∣∣∣
zn − z

1− z̄n z

∣∣∣∣
2
)

= 1− |Bn(z)|2 + |Bn(z)|2 (1− |z|2) (1− |zn|2)
|1− z̄n z|2 .

Hence, by (3.8),

1− |B(z)|2
1− |z|2 =

1− |Bn(z)|2
1− |z|2 + |Bn(z)|2 1− |zn|2

|1− z̄n z|2

=

n∑

k=1

|Bk(z)|2 1− |zk|2
|1− z̄k z|2 .
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Appealing to the uniform convergence of partial Blaschke products on com-
pact subsets of D, with little effort we can generalize Theorem 3.4 for infinite
Blaschke products. This formula will be needed in studying the derivatives
of B.

Theorem 3.5 Let

B(z) =

∞∏

j=1

z̄j
zj

zj − z

1− z̄j z
.

Put B1 = 1 and

Bk(z) =

k−1∏

j=1

zj − z

1− z̄j z
, (k ≥ 2).

Then, for each z ∈ D,

1− |B(z)|2
1− |z|2 =

∞∑

k=1

|Bk(z)|2 1− |zk|2
|1− z̄k z|2 .

Proof. Fix z ∈ D. Then, on one hand, since |B| ≤ |Bn|,

1− |B(z)|2
1− |z|2 ≥ 1− |Bn(z)|2

1− |z|2 =

n−1∑

k=1

|Bk(z)|2 1− |zk|2
|1− z̄k z|2 .

Let n −→ ∞ to get

1− |B(z)|2
1− |z|2 ≥

∞∑

k=1

|Bk(z)|2 1− |zk|2
|1− z̄k z|2 .

On the other hand, we have

1− |Bn(z)|2
1− |z|2 ≤

∞∑

k=1

|Bk(z)|2 1− |zk|2
|1− z̄k z|2 .

This time, if we let n −→ ∞, Theorem 1.5 ensures that

1− |B(z)|2
1− |z|2 ≤

∞∑

k=1

|Bk(z)|2 1− |zk|2
|1− z̄k z|2 .

The identity (3.6) gives the interesting formula

|B′(eiθ)| =
n∑

k=1

1− |zk|2
|eiθ − zk|2
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for |B′| on T. Since B′ is a continuous function on D, |B′(z)| tends uniformly
to |B′(eiθ)|, as z approaches to the boundary T. In other words,

lim
z→eiθ

|B′(z)| = |B′(eiθ)|

and the convergence is uniform with respect to θ. Now, we present a less
trivial formula for |B′(eiθ)|.
Theorem 3.6 Let B be a finite Blaschke product. Then, for all eiθ ∈ T,

lim
z→eiθ

1− |B(z)|2
1− |z|2 = lim

z→eiθ

1− |B(z)|
1− |z| = |B′(eiθ)|,

and the convergence is uniform with respect to θ.

Proof. Let

B(z) =

n∏

j=1

zj − z

1− z̄j z
.

Then, by Theorem 3.4, we have

1− |B(z)|2
1− |z|2 =

n∑

k=1

|Bk(z)|2 1− |zk|2
|1− z̄k z|2 ,

where B1 = 1 and

Bk(z) =

k−1∏

j=1

zj − z

1− z̄j z
, (2 ≤ k ≤ n).

Hence,

lim
z→eiθ

1− |B(z)|2
1− |z|2 =

n∑

k=1

1− |zk|2
|1− z̄k eiθ|2 =

n∑

k=1

1− |zk|2
|eiθ − zk|2 ,

and the convergence is uniform with respect to θ. Now, apply (3.6).
The identity

lim
z→eiθ

1− |B(z)|2
1− |z|2 = lim

z→eiθ

1− |B(z)|
1− |z|

follows from the facts that |B(z)| −→ 1, as |z| −→ 1.

Corollary 3.7 Let B be a finite Blaschke product. Then

lim
|z|→1

|B′(z)| (1− |z|2)
1− |B(z)|2 = 1,

and the convergence is uniform with respect to θ.
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3.4 The Locus of the Zeros of B′ in D

There are various results about the relations between the zeros of a polyno-
mial P and the zeros of its derivatives. The oldest goes back to Gauss and
Lucas [31]. This result affirms that the zeros of P ′ are in the convex hull of the
zeros of P . The success of this method is based on the following observation.
If we decompose P as

P (z) = C (z − z1)
k1 · · · (z − zn)

kn ,

then
P ′(z)
P (z)

=
k1

z − zn
+ · · ·+ kn

z − zn
.

The last representation enables us to locate the zeros of P ′.
Adopting the classical definition from the Euclidean geometry, we say that

a set A ⊂ D is hyperbolically convex if

z1, z2 ∈ A =⇒ ∀t ∈ [0, 1],
z1 − z1−z2

1−z1z2
t

1− z1
z1−z2
1−z1z2

t
∈ A.

Then the hyperbolic convex hull of a set A ⊂ D is the smallest hyperbolic
convex set which contains A. This is clearly the intersection of all hyperbolic
convex sets that contain A. If we need the closed hyperbolic convex hull,
we must consider the intersection of all closed hyperbolic convex sets that
contain A. We remind that D− = D∩{z : 
z < 0} and D+ = D∩{z : 
z > 0}.
The following result is due to J. Walsh [46].

Theorem 3.8 Let B be a finite Blaschke product. Then the zeros of B′ which
are inside D are in the hyperbolic convex hull of the zeros of B.

Proof. First suppose that all zeros of B are in D+. Then, by (3.4),



(
B′(z)
B(z)

)
=

n∑

k=1



(

1− |zk|2
(1− z̄k z)(z − zk)

)
.

Put

ϕ(z) =
1− |a|2

(1− ā z)(z − a)
,

where a, with 
a > 0 and |a| < 1, is fixed. We need to obtain the image of
D− under ϕ. To do so, we study the image of the boundary of ∂D− under ϕ.
On the lower semicircle

T− = {eiθ : −π ≤ θ ≤ 0}



3.4 The Locus of the Zeros of B′ in D 47

we have

ϕ(eiθ) =
1− |a|2

(1 − ā eiθ)(eiθ − a)
=

1− |a|2
|eiθ − a|2 e−iθ.

Therefore, T− is mapped to an arc in C+ = {z : 
z > 0}. Moreover, on the
interval t ∈ (−1, 1), we have

ϕ(t) =
1− |a|2

(1− ā t)(t− a)
=

1− |a|2
|t− a|2 × t− ā

1− ā t
=

1− |a|2
|t− a|2 τt(ā).

Thus (−1, 1) is also mapped to an arc in C+. In short, ∂D− is mapped to a
closed arc in C+. Therefore, we deduce that ϕ maps D− into C+. This fact
implies that B′ has no zeros in D−. By continuity, if all zeros of B are in D+,
then all the zeros of B′ which are in the open unit disc are necessarily in D+.

Let f = B ◦ τa. Then f is also a finite Blaschke product with zeros
τa(z1), τa(z2), . . . , τa(zn). Moreover, if we denote the zeros of B′ in D by
w1, w2, . . . , wn−1, the zeros of f

′ in D would be τa(w1), τa(w2), . . . , τa(wn−1).
If we choose a such that


 τa(zk) ≥ 0, (1 ≤ k ≤ n),

then the preceding observation shows that


 τa(wk) ≥ 0, (1 ≤ k ≤ n− 1).

Applying again the transformation τa, we see that if the zeros of B are on
one side of the hyperbolic line

a− z

1− ā z
= t, t ∈ [−1, 1],

then the zeros of B′ are also on the same side. Similar comments apply if
we replace τa by a rotation ργ . The intersection of all such lines gives the
hyperbolic convex hull of the zeros of B.

Remark. The argument above also works for infinite Blaschke products.
Let a, b ∈ D and put

B(z) =

(
a− z

1− ā z

)m(
b− z

1− b̄ z

)n

.

Clearly B′ has m+ n− 1 zeros in D which are a, m− 1 times, and b, n− 1
times, and the last one c which is the solution of the equation

m(1 − |a|2)
(1− ā z)2

(
a− z

1− ā z

)m−1 (
b− z

1− b̄ z

)n

+

(
a− z

1− ā z

)m (
b− z

1− b̄ z

)n−1
n(1− |b|2)
(1− b̄ z)2

= 0.
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Rewrite this equation as

(
z − a

1− a z̄

)
/

(
z − b

1− b z̄

)
= −

(
m(1− |a|2)
|1− ā z|2

)
/

(
n(1− |b|2)
|1− b̄ z|2

)
.

This identity reveals that a, b, c are on the same hyperbolic line. Moreover,
as m and n are any arbitrary positive integers, the point c traverses a dense
subset of the hyperbolic line segment between a and b.

3.5 B Has a Nonzero Residue

The finite Blaschke product B(z) = zm, m ≥ 0, is an entire function. All
other Blaschke products have finite poles and thus we can talk about their
residues. That is why in the following theorem we assume that B has a finite
pole.

Theorem 3.9 (Heins [27]) Let B be a finite Blaschke product having at
least one finite pole. Then B has a nonzero residue.

Proof. Let

B(z) = eiβ zm
N∏

n=1

(
z − zn
1− z̄n z

)mn

. (3.9)

By assumption, at least one non-zero zn exists. Since B is analytic on D it
has a primitive, say B, in an open disc containing D. Furthermore, since B

involves an arbitrary constant, we choose the constant such that B(0) = 0.
Thus, by the fundamental theorem of calculus, for each z ∈ D,

B(z) =

∫ z

0

B
′(ζ) dζ =

∫ z

0

B(ζ) dζ. (3.10)

Since B
′ is analytic on D, the integral in (3.10) is independent of the path of

integration. This representation enables us to estimate B on the unit circle
T. By (3.9), for each eiθ ∈ T,

B(eiθ) =

∫ eiθ

0

B(z) dz

=

∫ 1

0

eiβ rmeimθ
N∏

n=1

(
reiθ − zn
1− z̄n reiθ

)mn

eiθ dr. (3.11)

The function
N∏

n=1

(
reiθ − zn
1− z̄n reiθ

)mn
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is also a finite Blaschke product. Thus, inside the unit disc D, it is bounded
by one. Therefore, by (3.11),

|B(eiθ) | =
∣∣∣∣
∫ 1

0

eiβ rm eimθ
N∏

n=1

(
reiθ − zn
1− z̄n reiθ

)mn

eiθ dr

∣∣∣∣

�
∫ 1

0

rm dr =
1

m+ 1
(3.12)

for each eiθ ∈ T.
Applying partial fraction expansion to (3.9), we have

B(z) =
m∑

n=0

αn zn +
N∑

n=1

mn∑

�=1

βn,�

(1− z̄n z)�
. (3.13)

Suppose that all residues of B, i.e. all βn,1 (1 � n � N), are zero. Then

B(z) =

m∑

n=0

αn

n+ 1
zn+1 + α+

N∑

n=1

mn∑

�=2

(
βn,�

z̄n (�−1) )

(1− z̄n z)�−1
(3.14)

is a primitive of B on C \ { 1/z̄1, · · · , 1/z̄N }. The constant α is arbitrary
and, as we agreed, we choose it such that B(0) = 0. Since B has a zero of
order m at origin, B(0) = 0, and B

′ = B, then B has a zero of order m+1 at
origin. Thus, by taking the common denominator in (3.14),

B(z) =
zm+1 P (z)

∏N
n=1(1 − z̄n z)mn−1

, (3.15)

where P is a polynomial of degree at most
∑N

n=1(mn − 1).
On the other hand, a direct consequence of (3.13) and (3.14) is that

lim
z→∞

(m+ 1)B(z)

z B(z)
= 1. (3.16)

To end the proof, consider the function

f(z) =
(m+ 1)B(z)

z B(z)
.

According to (3.15) and (3.9),

f(z) =
(m+ 1)P (z)

∏N
n=1(1− z̄n z)∏N

n=1(z − zn)mn

.

Hence, f is analytic on C \ D. We assumed that B has finite poles. Thus f
has at least one zero in C \ D.
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Now, we are able to find the contradiction. By (3.16),

lim
z→∞ f(z) = 1,

and, according to (3.12),

| f(eiθ) | =
∣∣∣∣
(m+ 1)B(eiθ)

eiθ B(eiθ)

∣∣∣∣ =
∣∣ (m+ 1)B(eiθ)

∣∣ � 1

for each eiθ ∈ T. But, the maximum principle ensures that if f is analytic on
C \D, and |f(ζ)| � 1, for each ζ ∈ T, and limz→∞ f(z) = 1, then f ≡ 1. This
contradicts that f has zeros in C \D. Therefore, our hypothesis is wrong, i.e.
there is an integer n, with 1 � n � N , such that βn,1 �= 0.

For further discussion on this result, see [32].



Chapter 4

Angular Derivative

4.1 Elementary Formulas for B′ and S′

The canonical factorization theorem says that any inner function φ can be
decomposed as φ = BS, where

B(z) = γ

∞∏

n=1

|zn|
zn

zn − z

1− z̄n z

is the Blaschke product formed with the zeros of φ in D, and

S(z) = exp

(
−
∫

T

eit + z

eit − z
dσ(eit)

)

is the singular inner function formed with the finite positive singular Borel
measure σ. In this section, we find some elementary formulas for the derivative
of B and S.

Let

Bk(z) =
∞∏

n=1, n�=k

|zn|
zn

zn − z

1− z̄n z
, (k ≥ 1).

Thus, Bk(zn) = 0, if n �= k, and

Bk(zk) =

∞∏

n=1, n�=k

|zn|
zn

zn − zk
1− z̄n zk

, (k ≥ 1). (4.1)

According to Theorem 1.5, the Blaschke product B converges uniformly on
compact subsets of

Ω = C \ {1/z̄n : n � 1
}cl

.

Hence, at each point of Ω, we can evaluate the derivative term by term to
obtain
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B′(z) = −
∞∑

n=1

|zn|
zn

1− |zn|2
(1− z̄n z)2

Bn(z). (4.2)

In particular, by (4.1), we have

B′(zk) = −|zk|
zk

1

1− |zk|2
∞∏

n=1, n�=k

|zn|
zn

zn − zk
1− z̄n zk

, (k ≥ 1). (4.3)

In our applications, we need the special formula

|B′(zk)| = 1

1− |zk|2
∞∏

n=1, n�=k

∣∣∣∣
zn − zk
1− z̄n zk

∣∣∣∣ , (k ≥ 1), (4.4)

which implies the interesting estimation

δ

2(1− |zk|) ≤ |B′(zk)| ≤ 1

1− |zk| , (k ≥ 1), (4.5)

where

δ = inf
k≥1

∞∏

n=1, n�=k

∣∣∣∣
zn − zk
1− z̄n zk

∣∣∣∣ ,

for an interpolating Blaschke sequence.
The sum in (4.2) is uniformly convergent on compact subsets of Ω. We

also recall that D ⊂ Ω, and thus (4.2) is valid at all points of D and the series
converges uniformly on compact subsets of D. Dividing both sides of (4.2) by
B gives the logarithmic derivative formula

B′(z)
B(z)

= −
∞∑

n=1

1− |zn|2
(1− z̄n z)(zn − z)

. (4.6)

Note that this relation is valid at all points of C \ {zn, 1/z̄n : n � 1
}cl

and, moreover, the series is uniformly convergent on compact subsets of this
open set.

If eiθ ∈ T is not an accumulation point of the sequence (zn)n≥1, then B is
analytic at eiθ and (4.6) is rewritten as

B′(eiθ)
e−iθ B(eiθ)

=

∞∑

n=1

1− |zn|2
|eiθ − zn|2 . (4.7)

This identity immediately implies the interesting formula

|B′(eiθ)| =
∞∑

n=1

1− |zn|2
|eiθ − zn|2 (4.8)
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at all points of the unit circle where B is analytic. This is a generalization
of (3.6).

With a little effort, similar formulas can be obtained for S′. First of all,
we have

S′(z)
S(z)

= −
∫

T

2eit

(eit − z)2
dσ(eit) (4.9)

for all z in the complex plane except the support of σ. The rough estimation

∣∣∣∣
S′(z)
S(z)

∣∣∣∣ ≤
∫

T

2dσ(eit)

|eit − z|2 , (z ∈ D), (4.10)

will be useful in several applications. If eiθ ∈ T \ supp σ, then the for-
mula (4.9) reduces to

S′(eiθ)
e−iθ S(eiθ)

=

∫

T

dσ(eit)

2 sin2( t−θ
2 )

=

∫

T

2dσ(eit)

|eiθ − eit|2 . (4.11)

Hence, at such points, we have

|S′(eiθ)| =
∫

T

dσ(eit)

2 sin2( t−θ
2 )

=

∫

T

2dσ(eit)

|eiθ − eit|2 . (4.12)

Since φ = BS, we have
φ′

φ
=

B′

B
+

S′

S

at all points of C, except the zeros and poles of B, their accumulation points
on T, and the support of σ. Hence, in the light of (4.6) and (4.9), at such
points we have

φ′(z)
φ(z)

= −
∞∑

n=1

1− |zn|2
(1− z̄n z)(zn − z)

−
∫

T

2eit

(eit − z)2
dσ(eit). (4.13)

In particular, at points eiθ ∈ T which are away from the support of σ and
the accumulation points of the zeros of B, by (4.7) and (4.11), we obtain

φ′(eiθ)
e−iθ φ(eiθ)

=

∞∑

n=1

1− |zn|2
|eiθ − zn|2 +

∫

T

2dσ(eit)

|eiθ − eit|2 . (4.14)

Therefore, at such points where φ is analytic, we have

|φ′(eiθ)| =
∞∑

n=1

1− |zn|2
|eiθ − zn|2 +

∫

T

2dσ(eit)

|eiθ − eit|2 . (4.15)

With appropriate definitions and conventions, the above formula actually
makes sense at all points of T.
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In establishing formulas (4.9), (4.11) and (4.12), we did not use the fact
that σ is singular with respect to the Lebesgue measure. Hence, these formulas
hold for a wider class of functions. To clarify this claim, note that an arbitrary
element f ∈ H1(D) has the representation

f(z) =

∞∏

n=1

|zn|
zn

zn − z

1− z̄n z
× exp

(
−
∫

T

eit + z

eit − z
dμ(eit)

)

where the Blaschke product is formed with the zeros of f and the measure μ
has the Lebesgue decomposition

dμ(eit) = − log |f(eit)| dt
2π

+ dσ(eit),

Hence, the formulas (4.13) and (4.14) also work for any f ∈ H1, and we
obtain

f ′(z)
f(z)

= −
∞∑

n=1

1− |zn|2
(1− z̄n z)(zn − z)

−
∫

T

2eit

(eit − z)2
dμ(eit),

and
f ′(eiθ)

e−iθ f(eiθ)
=

∞∑

n=1

1− |zn|2
|eiθ − zn|2 +

∫

T

2dμ(eit)

|eiθ − eit|2 .

Using (4.2) and (4.9), we also get the rough estimations

|B′(z)| ≤
∞∑

n=1

1− |zn|2
| 1− z̄n z |2 , (z ∈ D), (4.16)

and

|S′(z)| ≤
∫

T

dσ(eit)

|eit − z|2 , (z ∈ D). (4.17)

From another point of view, by the Schwarz–Pick theorem, we also have

|φ′(z)| ≤ 1− |φ(z)|2
1− |z|2 , (z ∈ D), (4.18)

for any inner function φ. These two relations will be needed later on.

4.2 Some Estimations for Hp-Means

For each reiθ ∈ D, |θ| ≤ π, we have
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|1− reiθ|2 = 1 + r2 − 2r cos θ

= (1− r)2 + 4r sin2(θ/2).

Hence, on the one hand,

|1− reiθ |2 ≤ (1− r)2 + |θ|2 (4.19)

and, on the other hand, at least for r ≥ 1/4,

|1− reiθ|2 ≥ (1− r)2 + |θ/π|2.

Therefore, for all reiθ ∈ D,

|1− reiθ|2 ≥ (1− r)2 + |θ|2
22

. (4.20)

Surely, 22 is not the best constant. But, this is not important for our appli-
cations. In short, instead of (4.19) and (4.20), we can write

|1− reiθ|p � (1− r)p + |θ|p, (4.21)

where the constants involved just depend on the parameter p ∈ (0,∞). the
notion f � g means that there are two positive constants c and C such that

c |g(x)| ≤ |f(x)| ≤ C |g(x)|

for all x in the domain of definition of f and g.

Lemma 4.1 Let w ∈ D, and let 0 < p < ∞. Then, as |w| −→ 1,

∫ 2π

0

dθ

|1− w̄ eiθ|p �

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

1 if 0 < p < 1,

− log(1− |w|) if p = 1,

1

(1− |w|)p−1
if p > 1.

The constants involved just depend on the parameter p.

Proof. A change of variable shows

∫ 2π

0

dθ

|1− w̄ eiθ|p = 2

∫ π

0

dθ∣∣1− |w| eiθ∣∣p .

Hence, by (4.21),

∫ 2π

0

dθ

|1− w̄ eiθ|p �
∫ π

0

dθ

(1− |w|)p + θp
.
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If 0 < p < 1, the inequalities

1

1 + πp
≤ 1

(1 − |w|)p + θp
≤ 1

θp

show that ∫ 2π

0

dθ

|1− w̄ eiθ|p � 1.

If p = 1, then

∫ 2π

0

dθ

|1− w̄ eiθ|p �
∫ π

0

dθ

(1− |w|) + θ

= log
(
(1− |w|) + π

)− log(1 − |w|)
� log

1

(1− |w|) .

Finally, if p > 1, then

∫ 2π

0

dθ

|1− w̄ eiθ|p �
∫ π

0

dθ

(1− |w|)p + θp

=

∫ 1−|w|

0

dθ

(1− |w|)p + θp
+

∫ π

1−|w|

dθ

(1− |w|)p + θp

�
∫ 1−|w|

0

dθ

(1− |w|)p +

∫ π

1−|w|

dθ

θp

� 1

(1− |w|)p−1
.

The estimations obtained above allow us to introduce a family of analytic
functions with close ties to Hardy spaces.

Corollary 4.2 Let 0 < α < ∞, and define

fα(z) =
1

(1− z)α
, (z ∈ D).

Then
fα ∈

⋂

0<p< 1
α

Hp(D),

but
fα �∈ H

1
α (D).

Let w ∈ D, and write

bw(z) =
|w|
w

w − z

1− w̄ z
, (z ∈ D).
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Hence, ∫ 2π

0

|b′w(reiθ)|p dθ =

∫ 2π

0

(1− |w|2)p
|1− w̄ reiθ|2p dθ

and, by Lemma 4.1,

∫ 2π

0

|b′w(reiθ)|p dθ �

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(1− |w|)p if 0 < p < 1
2 ,

(1− |w|) 1
2 log

1

(1− |rw|) if p = 1
2 ,

(1− |w|)p
(1− |wr|)2p−1

if p > 1
2 .

(4.22)

In each case, the constants involved just depend on p. More specifically, they
neither depend on r nor on w. Therefore, letting r −→ 1, we obtain

‖b′w‖p �

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(1− |w|) if 0 < p < 1
2 ,

(1− |w|) log2 1

(1− |w|) if p = 1
2 ,

(1− |w|) 1−p
p if p > 1

2 .

(4.23)

4.3 Some Estimations for Ap-Means

Parallel to the results obtained in Sect. 4.2, we continue and obtain some
similar estimations for the Ap-means.

Lemma 4.3 Let w ∈ D, let q > −1, and let 0 < p < ∞. Then, as |w| −→ 1,

∫ 2π

0

∫ 1

0

(1− r)q

|1− w̄ reiθ |p rdrdθ �

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

1 if 0 < p < q + 2,

− log(1− |w|) if p = q + 2,

1

(1− |w|)p−q−2
if p > q + 2.

Proof. By the generalized binomial expansion formula, we have

1

(1 − z)
p
2

=

∞∑

n=0

Γ (n+ p
2 )

n!Γ (p2 )
zn, (z ∈ D).

Write

Ip,q(w) =

∫ 2π

0

∫ 1

0

(1− r)q

|1− w̄ reiθ|p rdrdθ.
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Hence,

Ip,q(w) =

∞∑

n=0

Γ 2(n+ p
2 )

(n!)2 Γ 2(p2 )
|w|2n

∫ 2π

0

∫ 1

0

r2n(1 − r)q rdrdθ

= 2π
Γ (q + 1)

Γ 2(p2 )

∞∑

n=0

Γ 2(n+ p
2 ) (2n+ 1)!

(n!)2 Γ (2n+ q + 3)
|w|2n.

According to Stirling’s formula,

Γ 2(n+ p
2 ) (2n+ 1)!

(n!)2 Γ (2n+ q + 3)
� np−q−3

as n −→ ∞.
Case I: If 0 < p < q + 2, the function

∞∑

n=1

|w|2n
nq−p+3

defines a bounded function on D, and thus Ip,q(w) � 1.
Case II: If p = q + 2, then

∞∑

n=1

|w|2n
n

� log
1

(1 − |w|)

and thus Ip,q(w) � log 1
(1−|w|) .

Case III: Finally, if p > q + 2, then

∞∑

n=1

|w|2n
nq+3−p

� 1

(1 − |w|)p−q−2

and thus Ip,q(w) � 1
(1−|w|)p−q−2 . This last fact comes from the expansion

1

(1− z)p−q−2
=

∞∑

n=0

Γ (n+ p− q − 2)

n!Γ (p− q − 2)
zn, (z ∈ D),

and that
Γ (n+ p− q − 2)

n!Γ (p− q − 2)
� 1

nq+3−p

as n −→ ∞.

The following corollary, which is a direct consequence of Lemma 4.3, should
be compared with Corollary 4.2.
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Corollary 4.4 Let γ > −1, let 0 < α < ∞, and define

fα(z) =
1

(1− z)α
, (z ∈ D).

Then
fα ∈

⋂

0<p< 2+γ
α

Ap
γ(D),

but

fα �∈ A
2+γ
α

γ (D).

Example 4.5 Fix 0 < p < ∞ and q > 2p, and pick any α such that
2/q ≤ α < 1/p. Then the function fα, exploited in Corollaries 4.2 and 4.4,
satisfies

fα ∈ Hp(D) but fα �∈ Aq(D).

For a Blaschke factor bw, we have

∫ 2π

0

∫ 1

0

|b′w(reiθ)|p (1− r)q rdrdθ =

∫ 2π

0

∫ 1

0

(1− |w|2)p
|1− w̄ reiθ |2p (1− r)q rdrdθ,

and thus, by Lemma 4.3,

∫ 2π

0

∫ 1

0

|b′w(reiθ)|p (1− r)q rdrdθ �

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(1 − |w|)p if 0 < 2p < q + 2,

(1 − |w|)p log
1

(1− |w|) if 2p = q + 2,

(1− |w|)q+2−p if 2p > q + 2.

In each case, the constants involved just depend on p. More specifically, they
do not depend on w. In particular,

‖b′w‖Bp �

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(1− |w|) if 0 < p < 1
2 ,

(1− |w|) log 1

(1− |w|) if p = 1
2 ,

(1− |w|) 1
p−1 if 1

2 < p < 1,

(4.24)

where we recall that

‖b′w‖Bp =

∫ 2π

0

∫ 1

0

|b′w(reiθ)| (1− r)
1
p−2 drdθ.
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4.4 The Angular Derivative

Let
z ∈ SC(e

iθ) = { z ∈ D : |z − eiθ| ≤ C (1 − |z|) }
and consider the circle Dz = {w : |w − z| = (1 − |z|)/2 }. Then, for each
w ∈ Dz, we have 1− |z| ≤ 2(1− |w|), and thus

|w − eiθ| ≤ |w − z|+ |z − eiθ|
≤ 1− |z|

2
+ C (1 − |z|) (4.25)

≤ (2C + 1) (1− |w|).

Therefore,
Dz ⊂ S2C+1(e

iθ). (4.26)

Theorem 4.6 Let f be analytic on the open unit disc D, and let eiθ ∈ T.
Then the following two statements are equivalent.

(i) Both nontangential limits

f(eiθ) = lim
z−→eiθ�

f(z) and L = lim
z−→eiθ�

f(z)− f(eiθ)

z − eiθ

exist.
(ii) The function f ′ has a nontangential limit at eiθ, i.e.

f ′(eiθ) = lim
z−→eiθ�

f ′(z)

exists.

Moreover, under the preceding equivalent conditions, we have f ′(eiθ) = L.

Proof. (i) =⇒ (ii): Put

g(z) =
f(z)− f(eiθ)

z − eiθ
− L, (z ∈ D).

Fix a Stolz domain SC(e
iθ). Then, given ε > 0, there is δ = δ(ε, C) such that

|g(z)| < ε for all z ∈ S2C+1 with |z − eiθ| < δ.
Let z ∈ SC(e

iθ), and let Dz denote the circle of radius (1 − |z|)/2 and
center z. Hence, by Cauchy’s integral formula,

f ′(z) =
1

2πi

∫

Dz

f(w)

(w − z)2
dw

= L+
1

2πi

∫

Dz

g(w) (w − eiθ)

(w − z)2
dw.
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If we further assume that (1− |z|) < δ′ = 2δ/(1+2C), then, by (4.25), for
each w ∈ Dz, |w − eiθ| < δ, and thus, by (4.26), we have

∣∣∣∣
g(w) (w − eiθ)

(w − z)2

∣∣∣∣ ≤
2ε (1 + 2C)

1− |z|
for all w ∈ Dz. Since the length of Dz is π(1 − |z|), we obtain the estimate

|f ′(z)− L| ≤ ε (1 + 2C)

for each z ∈ SC(e
iθ) with 1 − |z| < δ′. This means that f ′(z) tends to L, as

z nontangentially tends to eiθ.
(ii) =⇒ (i): The assumption implies that the integral

∫
[0,eiθ ] f

′(w) dw is

well-defined and we put

λ = f(0) +

∫

[0,eiθ ]

f ′(w) dw.

Then, by Cauchy’s theorem, we have

λ = f(z) +

∫

[z,eiθ ]

f ′(w) dw

for each z ∈ D. On the Stolz domain SC(e
iθ), we have

∣∣∣∣
∫

[z,eiθ ]

f ′(w) dw
∣∣∣∣ ≤ M |z − eiθ|, where M = sup

w∈SC(eiθ)

|f ′(w)|.

Hence, λ is in fact the nontangential limit of f(z) at the boundary point eiθ.
As usual, write f(eiθ) for λ. Then we can say

f(z)− f(eiθ)

z − eiθ
= − 1

z − eiθ

∫

[z,eiθ ]

f ′(w) dw

= f ′(eiθ) +
1

z − eiθ

∫

[z,eiθ ]

(f ′(eiθ)− f ′(w)) dw.

In each Stolz domain, the last integral tends to zero az z −→ eiθ. This means
that

lim
z−→eiθ�

f(z)− f(eiθ)

z − eiθ
= f ′(eiθ).
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4.5 The Carathéodory Derivative

Theorem 4.6 deals with the angular derivative of analytic functions on the
open unit disc D, with no restriction on the range of such functions. In this
section, we consider the smaller class of analytic functions f : D −→ D, i.e.
the self-maps of the open unit disc D. We say f has an angular derivative in
the sense of Carathéodory at eiθ ∈ T if

(i) f has an angular derivative at eiθ,
(ii) And, moreover, |f(eiθ)| = 1.

Theorem 4.8 gives a complete characterization of functions which have an an-
gular derivative in the sense of Carathéodory. But, first we need an inequality
which is interesting in its own right.

Lemma 4.7 (Julia [29]) Let f : D −→ D be analytic. Suppose that there is
a sequence (zn)n≥1 in D such that

lim
n→∞ zn = α ∈ T and lim

n→∞ f(zn) = β ∈ T

and

lim
n→∞

1− |f(zn)|
1− |zn| = A < ∞.

Then
|β − f(z)|2
1− |f(z)|2 ≤ A

|α− z|2
1− |z|2 , (z ∈ D).

Proof. According to the Schwarz–Pick theorem, we have

∣∣∣∣∣
f(z)− f(zn)

1− f(zn) f(z)

∣∣∣∣∣ ≤
∣∣∣∣
z − zn
1− zn z

∣∣∣∣ .

It is easy to directly verify that

1−
∣∣∣∣
a− b

1− b a

∣∣∣∣
2

=
(1− |a|2) (1 − |b|2)

|1− b̄ a|2 , (a, b ∈ D). (4.27)

Hence, applying this identity to the preceding inequality gives us

(1− |f(z)|2) (1− |f(zn)|2)
|1− f(zn) f(z)|2

≥ (1− |z|2) (1− |zn|2)
|1− zn z|2 .

Rewrite this inequality as

|1− f(zn) f(z)|2
1− |f(z)|2 ≤ 1− |f(zn)|2

1− |zn|2 × |1− zn z|2
1− |z|2 .

Now, let n −→ ∞.
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Julia’s inequality implies

|β − f(z)|2 ≤ A
|α− z|
1− |z| × |α− z|,

and this weaker inequality shows that f has the nontangential limit β at the
boundary point α.

Theorem 4.8 (Carathéodory [11]) Let f : D −→ D be analytic, let eiθ ∈
T, and put

c = lim inf
z−→eiθ

1− |f(z)|
1− |z| .

Then f has angular derivative in the sense of Carathéodory at eiθ if and only
if c < ∞. Moreover, in this case, c = |f ′(eiθ)| > 0, and

f ′(eiθ) = e−iθ f(eiθ) |f ′(eiθ)|.

Finally, we have

|f(eiθ)− f(z)|2
1− |f(z)|2 ≤ |f ′(eiθ)| |e

iθ − z|2
1− |z|2 , (z ∈ D),

and the constant |f ′(eiθ)| is the best possible.

Proof. If f has angular derivative in the sense of Carathéodory at eiθ, then
the inequality

1− |f(reiθ)|
1− r

≤
∣∣∣∣
f(eiθ)− f(reiθ)

eiθ − reiθ

∣∣∣∣

and the formula

f ′(eiθ) = lim
z−→eiθ�

f(z)− f(eiθ)

z − eiθ

from Theorem 4.6 together show that

c = lim inf
z−→eiθ

1− |f(z)|
1− |z| ≤ lim

r−→1

∣∣∣∣
f(reiθ)− f(eiθ)

reiθ − eiθ

∣∣∣∣ = |f ′(eiθ)| < ∞.

The other direction is a bit more delicate. Hence, assume that c < ∞.
This means that there is a sequence (zn)n≥1 in D which converges to eiθ and
f(zn) converges to a unimodular number, say β ∈ T, such that

1− |f(zn)|
1− |zn| −→ c.

Hence, by Julia’s inequality, c > 0, β = f(eiθ), and, on the radius [0, eiθ), the
Julia’s inequality implies
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(
1− |f(reiθ)|

1− r

)2

≤
∣∣∣∣
f(eiθ)− f(reiθ)

1− r

∣∣∣∣
2

≤ c
1− |f(reiθ)|2

1− r2
. (4.28)

Hence, we have
1− |f(reiθ)|

1− r
≤ c

1 + |f(reiθ)|
1 + r

,

and this estimation implies

c ≤ lim inf
r→1

1− |f(reiθ)|
1− r

≤ lim sup
r→1

1− |f(reiθ)|
1− r

≤ c,

and thus

lim
r→1

1− |f(reiθ)|
1− r

= c. (4.29)

In the light of (4.28), we also have

lim
r→1

∣∣∣∣
f(eiθ)− f(reiθ)

1− r

∣∣∣∣ = lim
r→1

∣∣∣∣∣
1− f(eiθ) f(reiθ)

1− r

∣∣∣∣∣ = c. (4.30)

Put w = f(eiθ) f(reiθ). By (4.29) and (4.30) and that 0 < c < ∞, we see
that |1− w|/(1 − |w|) −→ 1. This ensures that argw = o(1 − |w|), and thus
we also have

lim
r→1

1− f(eiθ) f(reiθ)

1− r
= c. (4.31)

By Julia’s inequality, the function

g(z) =
1− f(eiθ) f(z)

1− e−iθz

is bounded on each fixed Stolz domain. Hence, (4.31) along with Lindelöf’s
theorem imply that

c = lim
z−→eiθ�

1− f(eiθ)f(z)

1− e−iθz
.

We can rewrite this formula as

c = lim
z−→eiθ�

f(eiθ)− f(z)

eiθ − z
= c e−iθ f(eiθ).

Therefore, by Theorem 4.6, the angular derivative in the sense of Carathéodory
exists and

f ′(eiθ) = c e−iθ f(eiθ).

This last inequality immediately implies c = |f ′(eiθ)|. Finally, to show that
the constant c is sharp, consider the combination
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|f(eiθ)− f(z)|2
|z − eiθ|2 × 1− |z|2

1− |f(z)|2 .

Julia’s inequality says that this expression is bounded above by c for all z ∈ D.
Moreover, as z = reiθ −→ eiθ, (4.29) and (4.30) reveal that the combinations
tends to c2/c = c. Hence, the constant c is sharp.

If a function f in the closed unit ball of H∞(D) can be written as f = gh,
where both g and h are also nonconstant functions in the closed unit ball of
H∞(D), we say that g and h are the divisors of f .

Corollary 4.9 Let f be an element of the closed unit ball of H∞(D). Suppose
that f has angular derivative in the sense of Carathéodory at eiθ ∈ T. Then
every divisor of f also has angular derivative in the sense of Carathéodory
at eiθ.

Proof. Let g be a divisor of f . Since |f | ≤ |g|, we have

1− |g(reiθ)|
1− r

≤ 1− |f(reiθ)|
1− r

,

which, using Theorem 4.8, implies

lim inf
r→1

1− |g(reiθ)|
1− r

< ∞.

The same theorem again ensures that g has angular derivative in the sense
of Carathéodory at eiθ.

Based on the value of

c = lim inf
z−→eiθ

1− |f(z)|
1− |z| ,

where f is an element of the closed unit ball of H∞(D), we can partition this
ball into three parts. Julia’s inequality (Lemma 4.7) shows that c = 0 if and
only if f is a unimodular constant. Theorem 4.8 ensures that 0 < c < ∞
if and only if f is not identically a unimodular constant and has angular
derivative in the sense of Carathéodory at eiθ. The third part, corresponding
to c = ∞, precisely consists of functions which do not have angular derivative
in the sense of Cathéodory. In this case, since

lim
z−→eiθ

1− |f(z)|
1− |z| = ∞,

we have

lim
z−→eiθ�

f(eiθ)− f(z)

eiθ − z
= ∞.
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Convention: Whenever f fails to have derivative in the sense of
Carathéodory at eiθ, we write |f ′(eiθ)| = ∞.

We should be aware that writing |f ′(eiθ)| = ∞ does not mean or imply
that limr→1 |f ′(reiθ)| = ∞. For example, consider the function f(z) = z/2
for which |f ′(eiθ)| = ∞ at all eiθ ∈ T. However, accepting the convention, in
any case, we have

|f ′(eiθ)| = lim inf
z−→eiθ

1− |f(z)|
1− |z| = lim

r→1

1− |f(reiθ)|
1− r

.

This convention simplifies the statement of some results. As an example, we
invite you to rewrite the following corollaries if we had not accepted the above
convention.

Corollary 4.10 Let f and fn, n ≥ 1, be elements of the closed unit ball of
H∞(D). Suppose that fn converges uniformly to f on each compact subset of
D. Then

|f ′(eiθ)| ≤ lim inf
n→∞ |f ′

n(e
iθ)|, (eiθ ∈ D).

Proof. The only interesting case is when

M = lim inf
n→∞ |f ′

n(e
iθ)| < ∞.

By Theorem 4.8, we have

|fn(eiθ)− fn(z)|2
1− |fn(z)|2 ≤ |f ′

n(e
iθ)| |e

iθ − z|2
1− |z|2 , (z ∈ D),

for any n such that |f ′
n(e

iθ)| < ∞. Choose a subsequence (nk)k≥1 such that

lim
k→∞

|f ′
nk
(eiθ)| = M

and that fnk
(eiθ) tends to a unimodular constat, say β ∈ T. Hence, passing

to the limit, we obtain

|β − f(z)|2
1− |f(z)|2 ≤ M

|eiθ − z|2
1− |z|2 , (z ∈ D).

Thus, β is in fact the nontangential limit of f at eiθ. In the first place, the
above inequality implies

1− |f(reiθ)| ≤ 2M (1− r).

and thus, by Theorem 4.8, f ′(eiθ) exists. Secondly, the last assertion of The-
orem 4.8 says that the constant |f ′(eiθ)| in Julia’s inequality is the best
possible. This implies that |f ′(eiθ)| ≤ M .
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Corollary 4.11 Let g and h be elements of the closed unit ball of H∞(D),
and let f = gh. Then

|f ′(eiθ)| = |g′(eiθ)|+ |h′(eiθ)|, (eiθ ∈ T).

Proof. If g and h have angular derivatives in the sense of Carathéodory, then
so does f and by elementary calculus

f ′(eiθ) = g′(eiθ)h(eiθ) + g(eiθ)h′(eiθ). (4.32)

Then, by the formula in Theorem 4.8, we have

f ′(eiθ) = eiθ f(eiθ) |f ′(eiθ)|,

and a similar formula holds for g and h. Replace these three formulas in (4.32)
and simply using the identity f(eiθ) = g(eiθ)h(eiθ).

If one of the functions g or h fails to have the angular derivatives in the
sense of Carathéodory, then, by Corollary 4.9, so does f and in this case both
sides of the identity are ∞.

Corollary 4.12 Let f and fn, n ≥ 1, be elements of the closed unit ball of
H∞(D). Suppose that each fn is a divisor of f and moreover fn converges
uniformly to f on compact subsets of D. Then

|f ′(eiθ)| = lim
n→∞ |f ′

n(e
iθ)|, (eiθ ∈ T).

Proof. Since fn is a divisor of f , Corollary 4.11 says

|f ′
n(e

iθ)| ≤ |f ′(eiθ)|, (eiθ ∈ T, n ≥ 1).

Moreover, by Corollary 4.10,

|f ′(eiθ)| ≤ lim inf
n→∞ |f ′

n(e
iθ)|, (eiθ ∈ T).

Hence, the result follows.

The following result is a variation of Corollary 4.12.

Corollary 4.13 Let fn, n ≥ 1, be elements of the closed unit ball of H∞(D)
such that the product

f =

∞∏

n=1

fn

converges uniformly on compact subsets of D. Then

|f ′(eiθ)| =
∞∑

n=1

|f ′
n(e

iθ)|, (eiθ ∈ T).
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Proof. Put

gN =

N∏

n=1

fn, (N ≥ 1).

Then gN is a divisor of f and gN converges uniformly to f on compact subsets
of D. Moreover, by Corollary 4.11,

|g′N(eiθ)| =
N∑

n=1

|f ′
n(e

iθ)|, (eiθ ∈ T).

Now, apply Corollary 4.12.

Corollary 4.14 Let fn, n ≥ 1, be elements of the closed unit ball of H∞(D)
such that the product

f =
∞∏

n=1

fn

converges uniformly on compact subsets of D. Let 0 < p ≤ 1. Then

∞∑

n=1

‖f ′
n‖p ≤ ‖f ′‖p ≤

( ∞∑

n=1

‖f ′
n‖pp
)1/p

.

Remark. The notation ‖·‖p represents the norm in Lp(T). In particular, if the
derivative fails to exist on a set of positive measure, then the norm must be
replaced by ∞. Hence, in particular, the result will be mainly applied when
the functions involved are inner functions and have Carathéodory derivatives
almost everywhere on T. Moreover, in this case, we will see that if the Lp-
norm is finite, then the derivative is indeed in Hp(D).

Proof. The left inequality is a consequence of Minkowski’s inequality and the
identity in Corollary 4.13. The right inequality comes from

|f ′(eiθ)|p ≤
∞∑

n=1

|f ′
n(e

iθ)|p, (eiθ ∈ T).

4.6 Another Characterization of the Carathéodory
Derivative

In Sect. 4.5, we defined the Carathéodory derivative at a boundary point and
gave a complete characterization in Theorem 4.8. This characterization just
depends on the absolute value of the function. In this section, we exploit the
canonical factorization theorem to give another criterion for the existence of
the Carathéodory derivative.
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According to the canonical factorization theorem, a function f in the closed
unit ball of H∞(D) can be written as

f(z) = γ

∞∏

n=1

|zn|
zn

zn − z

1− z̄n z
× exp

(
−
∫

T

eit + z

eit − z
dμ(eit)

)
, (4.33)

where (zn)n≥1 is the sequence of zeros of f in D, and μ is a positive Borel
measure. More explicitly, μ has the Lebesgue decomposition

dμ(eit) = − log |f(eit)| dt
2π

+ dσ(eit),

where σ is a finite positive singular Borel measure on T. At this point, we
have developed enough tools to give a formula for |f ′(eiθ)|, the absolute value
of the derivative in the sense of Carathéodory at the boundary point eiθ, in
terms of zn and μ.

The following formula for |f ′(eiθ)| was first proved by M. Riesz for singular
inner functions [41]. Then Frostman proved it for infinite Blaschke products
[23]. The general case was proved by Ahern–Clark [2, 3].

Theorem 4.15 Let f be in the closed unit ball of H∞(D) with the decompo-
sition (4.33). Then

|f ′(eiθ)| =
∞∑

n=1

1− |zn|2
|eiθ − zn|2 + 2

∫

T

dμ(eit)

|eiθ − eit|2

for each eiθ ∈ T.

Proof. If the measure μ has a positive mass (a Dirac measure) at the point
eiθ, then both sides are infinite. As a matter of fact, on the right side, the
integral explodes, and for the left side,

lim
r→1

Sσ(re
iθ) = 0,

where Sσ is the singular inner function constructed with σ. Since |f | ≤ |Sσ|,
we also have

lim
r→1

f(reiθ) = 0,

and thus, by definition, the derivative in the sense of Carathéodory at eiθ

does not exist. Hence, by convention, we have |f ′(eiθ)| = ∞.
Now, suppose that μ has no point mass at eiθ. Let

fm(z) = γ

m∏

n=1

|zn|
zn

zn − z

1− z̄n z
× exp

(
−
∫

T

eit + z

eit − z
dμm(eit)

)
,

where μm is the restriction of μ to the arc
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T \ {eit : θ − 1

m
< t < θ +

1

m
}.

Hence, fm is a divisor of f and, as m −→ ∞, fm converges uniformly to f
on compact subsets of D. Therefore, by Corollary 4.12,

|f ′(eiθ)| = lim
m→∞ |f ′

m(eiθ)|.

The advantage of fm is that it is analytic in a neighborhood of eiθ. Hence,
by (4.15), we have

|f ′
m(eiθ)| =

m∑

n=1

1− |zn|2
|eiθ − zn|2 + 2

∫

T

dμm(eit)

|eiθ − eit|2 .

The general formula now follows from the monotone convergence theorem.

The following result is a special case of Theorem 4.15, where under some
mild conditions, both sides of the formula for |f ′(eiθ)| are finite.

Corollary 4.16 Let φ be an inner function with the canonical decomposition

φ(z) = γ

∞∏

n=1

|zn|
zn

zn − z

1− z̄n z
× exp

(
−
∫

T

eit + z

eit − z
dσ(eit)

)
.

Suppose that φ′ ∈ N . Then, for almost all eiθ ∈ T,

∣∣∣ lim
r→1

φ′(reiθ)
∣∣∣ =

∞∑

n=1

1− |zn|2
|eiθ − zn|2 + 2

∫

T

dσ(eit)

|eiθ − eit|2 .

Proof. By the definition of an inner function,

φ(eiθ) = lim
r→1

φ(reiθ)

exists and
|φ(eiθ)| = 1

for almost all eiθ ∈ T. The assumption φ′ ∈ N ensures that

φ′(eiθ) = lim
r→1

φ′(reiθ)

also exists for almost all eiθ ∈ T. Hence, φ has derivative in the sense of
Carathéodory almost everywhere on T. At such points, where both radial
limits φ and φ′ exist, the absolute value of the derivative is finite and given
by the formula in Theorem 4.15.



Chapter 5

Hp-Means of S′

5.1 The Effect of Singular Factors

Let φ be an inner function, and let φ = BS be its canonical decomposition.
Then the identity

φ′ = B′S +BS′

does not give any indication that S might be a divisor of φ′. However, this is
indeed the case when φ′ is in the Nevanlinna class. Given an analytic function
f on D whose trace on T is well-defined, the assumption f ∈ Lp(T) alone does
not imply f ∈ Hp(D). An extra condition is usually needed. The following
result says that for an inner function φ, |φ′| ∈ Lp(T) implies φ′ ∈ Hp(D).

Theorem 5.1 (Ahern–Clark [2]) Let φ be an inner function with the
canonical decomposition φ = BS. Let 0 < p ≤ ∞. Then the following are
equivalent:

(i) φ′/S ∈ Hp(D);
(ii) φ′ ∈ Hp(D);
(iii) |φ′| ∈ Lp(T).

Remark. In parts (i) and (ii), φ′/S and φ′ are well-defined analytic functions
on D, while in part (iii), the notation |φ′| stands for the absolute value of the
Carathéodory derivative of φ. We recall that whenever the Carathéoodory
derivative does not exist, by convention, we put |φ′| = ∞. See Sect. 4.5.

Proof. The implications (i) =⇒ (ii) =⇒ (iii) are trivial. However, we em-
phasize that, if φ′ ∈ Hp(D), then the trace of φ′ at almost all point of T is in
fact the derivative of φ in the sense of Carathéodory.

To prove (iii) =⇒ (i), write f = φ′/S and g = S′/S. Hence, the relation
φ′ = B′S + BS′ is rewritten as f = B′ + Bg. Clearly, f and g are analytic
on D. Therefore, by (4.16) and (4.17),

J. Mashreghi, Derivatives of Inner Functions, Fields Institute Monographs 31,
DOI 10.1007/978-1-4614-5611-7 5, © Springer Science+Business Media New York 2013
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|f(reiθ)| ≤
∞∑

n=1

1− |zn|2
| 1− z̄n reiθ |2 + 2

∫

T

dσ(eit)

|reiθ − eit|2

for each reiθ ∈ D. Since, for each z ∈ D, we have |1 − rz| ≥ |1 − z|/2, the
above estimation implies

|f(reiθ)| ≤ 4

∞∑

n=1

1− |zn|2
| eiθ − zn |2 + 8

∫

T

dσ(eit)

|eiθ − eit|2 .

But, by Theorem 4.15, the quantity at the right side of the preceding identity
is precisely 4|φ′(eiθ)|, i.e.

|f(reiθ)| ≤ 4|φ′(eiθ)|, (eiθ ∈ T).

Therefore, for all 0 ≤ r < 1,

∫ 2π

0

|f(reiθ)|p dθ ≤ 4

∫ 2π

0

|φ′(eiθ)|p dθ <∞.

This ensures that f ∈ Hp(D).

A small modification of the proof of Theorem 5.1 yields a similar result
when φ′ is in the Nevanlinna class N .

Theorem 5.2 (Ahern–Clark [2]) Let φ be an inner function with the
canonical decomposition φ = BS. Then the following are equivalent:

(i) φ′/S ∈ N+;
(ii) φ′ ∈ N+;
(iii) φ′ ∈ N ;
(iv) log+ |φ′| ∈ L1(T).

Remark. See the comment after Theorem 5.1 about |φ′|.
Proof. The implications (i) =⇒ (ii) =⇒ (iii) =⇒ (iv) are trivial. We just
need to verify (iv) =⇒ (i). Assuming, (iv), as in the proof of Theorem 5.1,
we have |f(reiθ)| ≤ 4|φ′(eiθ)|. Thus,

log+ |f(reiθ)| ≤ log+ |φ′(eiθ)|+ log 4.

This inequality implies two facts. First,

sup
0≤r<1

∫ 2π

0

log+ |f(reiθ)| dθ <∞,

and second, by the dominated convergence theorem,

lim
r→1

∫ 2π

0

log+ |f(reiθ)| dθ =
∫ 2π

0

log+ |f(eiθ)| dθ.
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Therefore, by Theorem 1.18, f ∈ N+.

Corollary 5.3 Let φ be an inner function with the canonical decomposition
φ = BS. Suppose that φ′ ∈ N . Then φ′ ∈ N+ and S is a divisor of φ′ in N+.

5.2 A Characterization of φ′ ∈ Hp(D)

A variation of the following result has been proved earlier. However, for fur-
ther reference it is restated below.

Theorem 5.4 Let φ be an inner function with the canonical decomposition

φ(z) = γ

∞∏

n=1

|zn|
zn

zn − z

1− z̄n z
× exp

(
−
∫

T

eit + z

eit − z
dσ(eit)

)
.

Put

fφ(e
iθ) =

∞∑

n=1

1− |zn|2
|eiθ − zn|2 +

∫

T

dσ(eit)

|eiθ − eit|2 .

Then φ′ ∈ Hp(D), 0 < p ≤ ∞, if and only if fφ ∈ Lp(T).

Proof. By Theorem 4.15,

|φ′(eiθ)| =
∞∑

n=1

1− |zn|2
|eiθ − zn|2 + 2

∫

T

dσ(eit)

|eiθ − eit|2 , (eiθ ∈ T),

and clearly |φ′| � fφ. Now, apply Theorem 5.1.

Theorem 5.1 and Corollary 4.14 combined together give a strong result
about the relation between the derivative of an inner function and the deriva-
tive of its divisors. Before stating the theorem, we make a remark. If (ϕn)n≥1

is a sequence of inner functions which converges uniformly on compact sub-
sets of D to a function φ, we cannot deduce that φ is inner. As a matter of
fact, Carathéodory showed that for each f in the closed unit ball of H∞,
there is a sequence of finite Blaschke products which converges uniformly to
f on each compact subset of D. However, if the sequence (ϕn)n≥1 is such that
ϕn is a divisor of ϕn+1 in the family of inner functions, then φ is also inner.
In this case, it is easier to write

ϕN =
N∏

n=1

φn and φ =
∞∏

n=1

φn.
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Theorem 5.5 Let φn, n ≥ 1, be inner functions such that the product

φ =

∞∏

n=1

φn

converges uniformly on compact subsets of D. Let 0 < p ≤ 1. Then the
following assertions hold.

(i) If φ′ ∈ Hp(D), then φ′n ∈ Hp(D), for all n ≥ 1, and we have

∞∑

n=1

‖φ′n‖p ≤ ‖φ′‖p.

(ii) If φ′n ∈ Hp(D), for all n ≥ 1, with

∞∑

n=1

‖φ′n‖pp <∞,

then φ′ ∈ Hp(D), and we have

‖φ′‖pp ≤
∞∑

n=1

‖φ′n‖pp.

In particular, φ′ ∈ H1(D) if and only if φ′n ∈ H1(D), for all n ≥ 1, and

∞∑

n=1

‖φ′n‖1 <∞.

In this situation, we have

‖φ′‖1 =
∞∑

n=1

‖φ′n‖1.

5.3 We Never Have S′ ∈ H
1
2 (D)

J. Caughran and A. Shields [13] asked if there is a singular inner function S
such that S′ ∈ H1/2(D). M. Cullen [17] constructed a singular inner function
S satisfying S′ ∈ Hp(D), for all 0 < p < 1/2. See Sect. 5.5. Hence, there was
a conjecture that there is no singular inner function S with S′ ∈ H1/2(D).
The conjecture was proved by Ahern and Clark.

Theorem 5.6 (Ahern–Clark [2]) Let φ be an inner function such that
φ′ ∈ H1/2(D). Then φ is a Blaschke product.
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Proof. The inner function φ has the canonical decomposition

φ(z) = γ

∞∏

n=1

|zn|
zn

zn − z

1− z̄n z
× exp

(
−
∫

T

eit + z

eit − z
dσ(eit)

)
.

Since we assumed φ′ ∈ H1/2(D), by Corollary 4.16,

φ′(eiθ) = lim
r→1

φ′(reiθ)

exists for almost all eiθ ∈ T, and its absolute value is given by

|φ′(eiθ)| =
∞∑

n=1

1− |zn|2
|eiθ − zn|2 + 2

∫

T

dσ(eit)

|eiθ − eit|2 .

In particular, we have

|φ′(eiθ)| ≥
∫

T

dσ(eit)

|eiθ − eit|2 , (a.e. eiθ ∈ T).

By the Cauchy–Schwarz inequality,

(∫

T

dσ(eit)

|eiθ − eit|
)2

≤
(∫

T

dσ(eit)

|eiθ − eit|2
)
×
∫

T

dσ(eit).

Therefore, the last two inequalities imply

∫

T

dσ(eit)

|eiθ − eit| ≤ ‖σ‖1/2 |φ′(eiθ)|1/2, (a.e. eiθ ∈ T).

Take the integral of both sides with respect to the normalized Lebesgue mea-
sure and apply Fubini’s theorem to obtain

∫

T

(∫

T

dθ

|eiθ − eit|
)
dσ(eit) ≤ 2π ‖σ‖1/2 ‖φ′‖21/2 <∞.

However, we have ∫

T

dθ

|eiθ − eit| = ∞

for any eit ∈ T. Therefore, we must have σ = 0. In other words, φ is a
Blaschke product.

Corollary 5.7 Let S be any singular inner function for D. Then

S′

S
	∈ H

1
2 (D).
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Proof. By Theorem 5.6, S′ 	∈ H
1
2 (D). Hence, Theorem 5.1 ensures that in

fact S′/S 	∈ H
1
2 (D).

5.4 The Distance Function

Let K be a closed subset of [0, 1]. Then, for each x ∈ [0, 1], we define

dK(x) = dist(x, K) = inf
t∈K

|t− x|.

When there is no confusion, we simply write d(x) instead of dK(x). The open
set [0, 1] \K is at most a countable union of open intervals of [0, 1], i.e.

[0, 1] \K =

∞⋃

n=1

In.

There might be a finite number of such intervals. In this case, either we
replace ∞ by a natural number, or assume that In = ∅ from some index on.
These intervals are called the complementary intervals of K. The length of
In is denoted by �n. Clearly, K has Lebesgue measure zero if and only if

∞∑

n=1

�n = 1.

Lemma 5.8 Let K be a closed subset of [0, 1]. Suppose that |K| = 0. Write

[0, 1] \K =

∞⋃

n=1

In,

and let �n, n ≥ 1, denote the length of In. Let 0 < α < 1. Then

∫ 1

0

dx

d
α

K(x)
=

2α

1− α

∞∑

n=1

�1−α
n .

Proof. Since K is of Lebesgue measure zero, then

∫ 1

0

dx

d
α

K(x)
=

∞∑

n=1

∫

In

dx

d
α

K(x)
.

Write In = [an, bn], where �n = bn − an. Then we have
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∫

In

dx

d
α

K(x)
=

∫ (an+bn)/2

an

dx

(x− an)α
+

∫ bn

(an+bn)/2

dx

(bn − x)α

= 2

∫ �n/2

0

dt

tα

=
2α

1− α
�1−α
n .

In the same manner, we can consider the closed subsets of the unit circle T
and define the distance function dK . There is a little doubt in this definition,
since, based on our needs, we may define dK either by

dK(eiθ) = distC(e
iθ, K) = inf

eit∈K
|eit − eiθ|,

or by
dK(eiθ) = distT(e

iθ, K) = inf
eit∈K

|t− θ|,

where we confine |t− θ| to the range [0, π]. However,

|eit − eiθ| = 2

∣∣∣∣ sin
( t− θ

2

) ∣∣∣∣ � |t− θ|,

and thus, in the applications, it is not ultimately important which definition
we have adopted. The final outcome is that if K is any closed subset of T
with Lebesgue measure zero, then

∫

T

dθ

d
α

K(eiθ)
�

∞∑

n=1

�1−α
n , (0 < α < 1), (5.1)

where (�n)n≥1 represent the length of the complementary arcs of K. The
constants involved in (5.1) do not depend on K.

Lemma 5.9 Let zn = rne
iθn , n ≥ 1, be a sequence satisfying the condition

A =

∞∑

n=1

(1− rn)
α <∞,

for some 0 < α ≤ 1. Let

d(eiθ) = inf
n≥1

|eiθ − eiθn |, (eiθ ∈ T).

Then, for each β ≥ 1− α,

∞∑

n=1

1− |zn|
|eiθ − zn|β ≤ 2β A

dβ+α−1(eiθ)
, (eiθ ∈ T).
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Proof. To estimate the sum, we decompose it as

∞∑

n=1

=

′∑
+

′′∑
,

where

′∑
extends over all n for which 1− rn < |eiθ − eiθn |, and

′′∑
extends

over the complement. For the first sum, since, for each z ∈ D, we have

|1− rz| ≥ |1− z|/2,

then

′∑ 1− |zn|
|eiθ − zn|β ≤ 2β

′∑ 1− rn
|eiθ − eiθn |β

= 2β
′∑(

1− rn
|eiθ − eiθn |

)1−α
(1− rn)

α

|eiθ − eiθn |β+α−1

≤ 2β
′∑ (1− rn)

α

|eiθ − eiθn |β+α−1

≤ 2β
∑′

(1 − rn)
α

dβ+α−1(eiθ)
,

and similarly, for the second sum,

′′∑ 1− |zn|
|eiθ − zn|β ≤

′′∑ 1

(1− rn)β−1

≤
′′∑(

1− rn
|eiθ − eiθn |

)β+α−1
1

(1 − rn)β−1

=

′′∑ (1− rn)
α

|eiθ − eiθn |β+α−1

≤
∑′′

(1− rn)
α

dβ+α−1(eiθ)
.

Note that, under the assumptions of Lemma 5.9, if we define

K = ClosT{eiθn : n ≥ 1},

Then d(eiθ) is precisely dK(eiθ), as defined in the beginning of this section.
In the following corollary, we use a special case of Lemma 5.9.
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Corollary 5.10 Let rn, n ≥ 1, be a sequence in [0, 1) satisfying the condition

A =

∞∑

n=1

(1− rn)
α <∞,

for some 0 < α ≤ 1. Then, for each β ≥ 1− α,

∞∑

n=1

1− rn
|eiθ − rn|β ≤ A

|1− eiθ|β+α−1
, (eiθ ∈ T).

In particular, for each β > 1− α,

∞∑

n=1

1− rn
|eiθ − rn|β ∈

⋂

0<p< 1
β+α−1

Lp(T).

Proof. In this case, the zeros accumulate at the point 1 ∈ T. Thus,

d(eiθ) = |1− eiθ|.

Hence, by Lemma 5.9, or even by direct verification (which reveals that the
factor 2β is not needed), we get the proposed estimation. Since

1

|1− eiθ| �
1

|θ| , (−π < θ < π),

we immediately deduce the second result.

5.5 A Construction of S with S′ ∈ Hp(D) for All
0 < p < 1

2

There are plenty of Blaschke products satisfying the growth restriction B′ ∈
H1/2(D). For example, finite Blaschke products fulfill this property. Moreover,
a family of infinite Blaschke products with B′ ∈ H1/2(D) was discovered by
D. Protas. See Theorem 8.6.

An immediate consequence of Theorem 5.6 is that if S is a nonconstant
singular inner function, then certainly

S′ 	∈ H1/2(D).

However, the possibility
S′ ∈ Hp(D),

for some 0 < p < 1/2, is not excluded. The following construction shows that
this is indeed possible. We remind the reader that if σ is a singular measure,
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it is carried on a set of Lebesgue measure zero. However, its support (the
smallest closed subset of T which contains a carrier) could be quite large, e.g.
it can be even the whole unit circle T.

Lemma 5.11 Let σ be a positive singular Borel measure on T such that its
support is of Lebesgue measure zero. Denote the complementary arcs of the
support by (In)n≥1, and their length by (�n)n≥1. Suppose that there is an
α ∈ (0, 1) such that

∞∑

n=1

�
α

n <∞.

Let ψ be any element of L1(σ), let β > 1− α, and define

f(z) =

∫

T

ψ(eit)

(eit − z)β
dσ(eit), (z ∈ D).

Then f ∈ Hp(D), where p = (1− α)/β.

Proof. Write z = reiθ. Then

|eit − reiθ| ≥ 1

2
|eit − eiθ|.

Let
d(eiθ) = dist(eiθ, supp σ) = inf

eit∈ supp σ
|eit − eiθ|.

Hence, for each reiθ ∈ D, we obtain the estimation

|f(reiθ)| ≤ 2β
∫

T

|ψ(eit)|
|eit − eiθ|β dσ(e

it) ≤ 2q
‖ψ‖L1(σ)

dβ (eiθ)
.

Therefore, for each r < 1,

∫ 2π

0

|f(reiθ)|p dθ �
∫ 2π

0

dθ

dβp(eiθ)
.

But, by (5.1),

∫ 2π

0

dθ

dβp(eiθ)
�

∞∑

n=1

�
1−βp

n =

∞∑

n=1

�
α

n <∞.

Theorem 5.12 (Cullen [17]) Let 0 < p < 1/2. Let σ be a positive singular
Borel measure on T such that its support is of Lebesgue measure zero and the
complementary arcs (In)n≥1 of the support are of length (�n)n≥1 with

∞∑

n=1

� 1−2p
n <∞.
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Let

S(z) = exp

(
−
∫

T

eit + z

eit − z
dσ(eit)

)
, (z ∈ D).

Then S′ ∈ Hp(D).

Proof. Since S′ = fS, where

f(z) = −
∫

T

2eit

(eit − z)2
dσ(eit), (z ∈ D),

and by Lemma 5.11, f ∈ Hp(D), we have S′ ∈ Hp(D).

The conditions of Theorem 5.12 are clearly fulfilled by a singular measure
consisting a finite number of Dirac measures. Hence, we easily obtain the
following interesting result.

Corollary 5.13 Let σ1, σ2, . . . , σn > 0 and let ζ1, ζ2, . . . , ζn ∈ T. Put

S(z) = exp

(
−

n∑

k=1

σk
ζk + z

ζk − z

)
, (z ∈ D).

Then
S′ ∈

⋂

0<p<1/2

Hp(D),

but
S′ 	∈ H1/2(D).



Chapter 6

Bp-Means of S′

For an inner function φ, the Hp-means of φ′ are not necessarily finite. We
will even provide an example of a Blaschke product B such that B′ �∈ N . See
Theorem 7.12. However, for Bp-means the story is different. In this chapter,
we study the Bp-means of a general inner function and pay special attention
to singular inner functions. In Chap. 9, we come back to this subject again
and focus on Bp-means of Blaschke products.

6.1 We Always Have φ′ ∈ ∩0<p<1
2
Bp(D)

The following result is indeed one of the oldest in studying the derivative of
inner functions.

Theorem 6.1 (Duren–Romberg–Shields [19]) Let φ be any inner func-
tion for D. Then

φ′ ∈
⋂

0<p< 1
2

Bp(D).

Proof. By (4.18),

|φ′(reiθ)| ≤ 1

2(1− r)
, (reiθ ∈ D).

Hence,

∫ 2π

0

∫ 1

0

|φ′(reiθ)| (1− r)
1
p−2drdθ ≤ π

∫ 1

0

(1− r)
1
p−3dr,

and the last integral is finite provided that 0 < p < 1
2 .
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The result is sharp in the sense that there is an inner function φ such
that φ′ �∈ B

1
2 (D). For singular inner functions, we can slightly generalize

Theorem 6.1.

Theorem 6.2 (Cullen [17]) Let S be any singular inner function for D.
Then

S′

S
∈

⋂

0<p< 1
2

Bp(D).

Proof. First, note that S′/S is an analytic function on D. Second, by (4.10),

∣∣∣∣
S′(reiθ)
S(reiθ)

∣∣∣∣ =
∫

T

dσ(eit)

|eit − reiθ|2 , (reiθ ∈ D).

Hence, by Fubini’s theorem,

∫ 2π

0

∣∣∣∣
S′(reiθ)
S(reiθ)

∣∣∣∣ dθ =

∫ 2π

0

(∫

T

dσ(eit)

|eit − reiθ|2
)
dθ

=

∫

T

(∫ 2π

0

dθ

|eit − reiθ|2
)
dσ(eit)

=

∫

T

(∫ 2π

0

ds

|1− reis|2
)
dσ(eit)

=
2π‖σ‖
1− r2

.

Finally, as in the proof of Theorem 6.1, we conclude

∫ 2π

0

∫ 1

0

∣∣∣∣
S′(reiθ)
S(reiθ)

∣∣∣∣ (1− r)
1
p−2drdθ ≤ 2π‖σ‖

∫ 1

0

(1− r)
1
p−3dr,

and the last integral is finite provided that 0 < p < 1
2 .

6.2 When Does φ′ ∈ Bp(D) for Some 1
2
≤ p < 1?

In Sect. 5.2, we gave a necessary and sufficient condition for φ′ ∈ Hp(D) in
terms of the zeros of φ in D and the corresponding singular measure on T.
In this section, we treat a similar question for φ′ ∈ Bp(D). However, our
characterization is mainly based on a growth restriction on |φ|.
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Theorem 6.3 (Ahern–Clark [4]) Fix 1
2 <p< 1. Let φ be an inner function

for D. Then

‖φ′‖Bp ≤ 2

∫ 2π

0

∫ 1

0

(
1− |φ(reiθ)| ) (1− r)

1
p−3drdθ ≤ 2p

2p− 1
‖φ′‖Bp .

Proof. By (4.18),

|φ′(reiθ)| ≤ 1− |φ(reiθ)|2
1− r2

≤ 2(1− |φ(reiθ)|)
1− r

, (reiθ ∈ D).

This estimation immediately implies the first inequality, i.e.

‖φ′‖Bp ≤ 2

∫ 2π

0

∫ 1

0

(
1− |φ(reiθ)| ) (1 − r)

1
p−3drdθ.

To prove the second inequality, since φ is an inner function, we have

∫

[reiθ,eiθ ]

φ′(z) dz = φ(eiθ)− φ(reiθ), (a.e. eiθ ∈ T).

Hence,

1− |φ(reiθ)| ≤
∫ 1

r

|φ′(teiθ)| dt, (a.e. eiθ ∈ T).

Therefore,

∫ 1

0

(
1− |φ(reiθ)| ) (1− r)

1
p−3dr ≤

∫ 1

0

(∫ 1

r

|φ′(teiθ)| dt
)

(1− r)
1
p−3dr

=

∫ 1

0

|φ′(teiθ)|
(∫ t

0

(1 − r)
1
p−3 dr

)
dt

=
p

2p− 1

∫ 1

0

|φ′(teiθ)| ( (1− t)
1
p−2 − 1

)
dt

≤ p

2p− 1

∫ 1

0

|φ′(teiθ)| (1− t)
1
p−2 dt.

Integrating with respect to θ gives the second inequality, i.e.

∫ 2π

0

∫ 1

0

(
1− |φ(reiθ)| ) (1− r)

1
p−3drdθ ≤ p

2p− 1
‖φ′‖Bp .

Corollary 6.4 Fix 1
2 < p < 1. Let φ be an inner function for D, and let ψ

be a divisor of φ. Suppose that φ′ ∈ Bp(D). Then

ψ′ ∈ Bp(D).
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Proof. Since ψ is a divisor of φ, then |φ| ≤ |ψ|, on D. Hence, by Theorem 6.3,

‖ψ′‖Bp ≤ 2

∫ 2π

0

∫ 1

0

(
1− |ψ(reiθ)| ) (1 − r)

1
p−3drdθ

≤ 2

∫ 2π

0

∫ 1

0

(
1− |φ(reiθ)| ) (1− r)

1
p−3drdθ

≤ 2p

2p− 1
‖φ′‖Bp .

For the following results, we remind the reader that f � g means that
there is a positive constant C such that |f | ≥ C |g|.
Corollary 6.5 Let φ be an inner function for D. Suppose that there is a
constant 0 < δ < 1 such that

∫ 2π

0

(
1− |φ(reiθ)| ) dθ � (1− r)δ.

Then φ′ �∈ B
1

2−δ (D).

Proof. The assumption implies

∫ 2π

0

∫ 1

0

(
1− |φ(reiθ)| ) (1− r)

1
p−3drdθ = ∞,

where p = 1/(2− δ). Thus, by Theorem 6.3, φ′ �∈ B
1

2−δ (D).

Corollary 6.6 Let φ be an inner function for D. Suppose that there is a
constant 0 < δ ≤ 1 such that

∫ 2π

0

(
1− |φ(reiθ)| ) dθ � (1− r)δ.

Then
φ′ ∈

⋂

0<p< 1
2−δ

Bp(D).

Proof. Fix 1
2 < p < 1

2−δ . The assumption implies

∫ 2π

0

∫ 1

0

(
1− |φ(reiθ)| ) (1− r)

1
p−3drdθ <∞.

Thus, by Theorem 6.3, φ′ ∈ Bp(D).
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6.3 We Never Have S′ ∈ B
2
3 (D)

Parallel to the question which was explored in Sect. 5.3, there was a question
about the possibility of S′ ∈ Bp(D). In this regard, on the one hand, H. Allen
and C. Belna [5] give examples of singular inner functions S with S′ ∈ Bp(D),
for all p < 2/3, and, on the other hand, P. Ahern and D. Clark [4] showed
that there is no singular inner S such that S′ ∈ B2/3(D). These results are
treated in this section and the one after.

Corollary 6.5 provides a sufficient condition to ensure that φ′ �∈ Bp(D).
Hence, we naturally look for conditions to put on an inner function φ, which
guarantees that the lower estimation

∫ 2π

0

(
1− |φ(reiθ)| ) dθ � (1− r)δ

holds for a certain 0 < δ < 1. Two such results are treated below. We remind
that

SC,δ(e
iθ0) =

{
z ∈ D : |eiθ0 − z| ≤ C(1− |z|)δ},

where C ≥ 1 and 0 < δ ≤ 1.

Lemma 6.7 Let φ be an inner function for D. Suppose that there are eiθ0 ∈
T, C ≥ 1, 0 < δ ≤ 1, and 0 < M0 < 1, such that

|φ(z)| ≤M0,
(
z ∈ SC,δ(e

iθ0)
)
.

Then ∫ 2π

0

(
1− |φ(reiθ)| )dθ � (1− r)δ.

In particular, φ′ �∈ B
1

2−δ (D).

Proof. Fix 0 < r < 1. Let θr ∈ (0, π) be such that

|1− reiθr | = C(1 − r)δ.

Since |1− reiθr | � (1− r) + θr, we must have

θr � (1− r)δ.

Note that θr is defined so that the set identity

SC,δ(e
iθ0) ∩ {reiθ : −π ≤ θ ≤ π} = {reiθ : −θr ≤ θ − θ0 ≤ θr}

holds. Since (1− |φ|) ≥ 0, we have
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∫ 2π

0

(
1− |φ(reiθ)| )dθ ≥

∫

|θ−θ0|<θr

(
1− |φ(reiθ)| )dθ

≥
∫

|θ−θ0|<θr

(1 −M0)dθ

= 2(1−M0) θr � (1− r)δ.

The conclusion φ′ �∈ B
1

2−δ (D) follows from Corollary 6.5.

The following result was found by C. Belna and B. Muckenhoupt for the
special case

S(z) = exp

(
−1 + z

1− z

)
, (z ∈ D).

Then it was extended to all singular inner functions by P. Ahern and D.
Clark.

Lemma 6.8 (Ahern–Clark [4], Belna–Muckenhoupt [6]) Let S be any
singular inner function for D. Then

∫ 2π

0

(
1− |S(reiθ)| ) dθ � (1− r)

1
2 .

In particular S′ �∈ B2/3(D).

Proof. First suppose that S has a factor of the form

S0(z) = exp

(
−σ0 ζ0 + z

ζ0 − z

)
, (z ∈ D),

where σ0 > 0 and ζ0 ∈ T. Then we have

|S0(z)| = exp

(
−σ0 1− |z|2

|ζ0 − z|2
)
, (z ∈ D).

Therefore, |S0(z)| ≤ e−σ0/2 on the set

{ z ∈ D : |ζ0 − z|2 ≤ 2(1− |z|2)}.

But, this set, which is a disc in D tangent to T at ζ0, contains the domain
S√

2,1/2(ζ0). Hence, by Lemma 6.7,

∫ 2π

0

(
1− |S(reiθ)| ) dθ ≥

∫ 2π

0

(
1− |S0(re

iθ)| ) dθ � (1− r)
1
2 .

Now, suppose that

S(z) = exp

(
−
∫

T

eit + z

eit − z
dσ(eit)

)
,
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where σ is a positive singular measure with no atomic mass. Therefore,

1− |S(reiθ)|2
1− r2

=

∫ 2π

0

|St(re
iθ)|2

|eit − reiθ |2 dσ(e
it),

where

St(re
iθ) = exp

(
−
∫ t

0

eiτ + z

eiτ − z
dσ(eiτ )

)
.

This representation implies

∫ 2π

0

(
1− |S(reiθ)| ) dθ ≥ 1

2

∫ 2π

0

(
1− |S(reiθ)|2 ) dθ

=
1− r2

2

∫ 2π

0

(∫ 2π

0

|St(re
iθ)|2

|eit − reiθ|2 dσ(e
it)

)
dθ

≥ 1− r2

2

∫ 2π

0

(∫ t+Θr

t+θr

|St(re
iθ)|2

|eit − reiθ |2 dθ
)
dσ(eit),

where θr and Θr are small positive angles defined by the equations

|1− eiθr |2 = (1− r) and |1− eiΘr |2 = 4(1− r).

Hence, if θ ∈ [t+ θr, t+Θr], we have

(1 − r) ≤ |eit − eiθ|2 ≤ 4(1− r).

As a consequence, since

|eit − reiθ |2 = (1− r)2 + r |eit − eiθ|2,

we have

(1− r) ≤ |eit − reiθ|2 ≤ 4(1− r)

provided that t+ θr ≤ θ ≤ t+Θr. Moreover,

|St(re
iθ)| = exp

(
−
∫ t

0

1− r2

|eiτ − reiθ |2 dσ(e
iτ )

)

≥ exp

(
−
∫ t

0

1− r2

1− r
dσ(eiτ )

)

≥ exp (−2‖σ‖) .

Therefore, we obtain
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∫ 2π

0

(
1− |φ(reiθ)| ) dθ ≥ 1− r2

2

∫ 2π

0

(∫ t+Θr

t+θr

exp (−4‖σ‖)
4(1− r)

dθ

)
dσ(eit)

≥ ‖σ‖ exp (−4‖σ‖)
8

Θr.

Since |1− eit| ∼ t, as t −→ 0+, the defining equation of Θr implies

Θr ∼ 2(1− r)
1
2

as r −→ 1. Thus,

∫ 2π

0

(
1− |S(reiθ)| ) dθ � (1− r)

1
2 .

The conclusion S′ �∈ B
2
3 (D) comes from Corollary 6.5.

Theorem 6.9 (Ahern–Clark [4]) Let φ be an inner function such that
φ′ ∈ B2/3(D). Then φ is a Blaschke product.

Proof. By Corollary 6.4 and Lemma 6.8, φ cannot have a singular inner
factor.

As a matter of fact, there are Blaschke products satisfying B′ ∈ B2/3(D).
For example, finite Blaschke products have this property. Moreover, a family
of infinite Blaschke products with B′ ∈ Bp(D), 0 < p < 1, is given by
Theorem 9.2.

6.4 A Construction of S with S′ ∈ Bp(D) for All
0 < p < 2

3

An immediate consequence of Theorem 6.9 is that if S is a nonconstant
singular inner function, then

S′ �∈ B2/3(D).

However, the possibility of having a singular inner function S with

S′ ∈ Bp(D),

for some 0 < p < 2/3, is not excluded. The following construction shows that
this is indeed the case.

Lemma 6.10 Let 0 < α < 1, β > 2− α, and σ > 0. Let

φ(z) =
1

(1− z)β
exp

( −σ
1− z

)
, (z ∈ D).
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Then

∫ 2π

0

|φ(reiθ)| dθ ≤ Cα
σα−1

(1− r)
1+α
2 +β−2

, (0 ≤ r < 1).

Proof. By definition,

|φ(reiθ)| = 1

|1− reiθ |β exp

(
−σ 1− r cos θ

|1− reiθ|2
)
.

Since e−x < x−(1−α), we obtain

|φ(reiθ)| ≤ 1

σ1−α

|1− reiθ |2(1−α)−β

(
1− r cos θ

)1−α .

If we integrate with respect to θ, and apply Hölder’s inequality with p =
1/(1− α) and q = 1/α, to the integral means

Ir =

∫ 2π

0

|φ(reiθ)| dθ,

we obtain the upper estimation

Ir ≤ 1

σ1−α

∫ 2π

0

1
(
1− r cos θ

)1−α × 1

|1− reiθ |β−2(1−α)
dθ

≤ 1

σ1−α

(∫ 2π

0

dθ

1− r cos θ

)1−α
(∫ 2π

0

dθ

|1− reiθ|1+α+β−2
α

)α

≤ 1

2σ1−α

(
2π√
1− r2

)1−α
(

cα

(1− r)
α+β−2

α

)α

≤ Cα
σα−1

(1− r)
1+α

2 +β−2
.

Theorem 6.11 (Allen–Belna [5]) Let σn ≥ 0, n ≥ 1, and assume that

∞∑

n=1

σ α
n <∞

for some 0 < α < 1. Put

S(z) = exp

(
−

∞∑

n=1

σn
eiθn + z

eiθn − z

)
, (z ∈ D),
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where (eiθn)n≥1 is an arbitrary sequence on T. Then

S′ ∈
⋂

0<p< 2
3+α

Bp(D).

Proof. Clearly, we have

S(0) = exp

(
−

∞∑

n=1

σn

)
> 0.

Hence,

S(z)S(0) = exp

(
−

∞∑

n=1

σn
2eiθn

eiθn − z

)
, (z ∈ D),

which implies

|S(reiθ)|S(0) = exp

(
−

∞∑

n=1

2σn
1− r cos(θ − θn)

|eiθn − reiθ |2
)
.

Since the terms in the summation are positive, the rough estimation

exp

(
−

∞∑

k=1

2σk
1− r cos(θ − θk)

|eiθk − reiθ |2
)

≤ exp

(
−2σn

1− r cos(θ − θn)

|eiθn − reiθ |2
)

is valid for any arbitrary choice of n ≥ 1. Hence, for any n ≥ 1,

|S(z)| ≤ 1

S(0)

∣∣∣∣exp
(
−2σn

eiθn

eiθn − z

)∣∣∣∣ . (6.1)

As a special case of (4.9),

S′(z)
S(z)

= −
∞∑

n=1

σn
2eiθn

(eiθn − z)2
, (z ∈ D).

Hence, by (6.1),

|S′(z)| ≤ 2

∞∑

n=1

σn
|S(z)|

|eiθn − z|2

≤ 2

S(0)

∞∑

n=1

σn

∣∣∣∣
1

(eiθn − z)2
exp

(
−2σn

eiθn

eiθn − z

)∣∣∣∣ .

Therefore, by Lemma 6.10,
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∫ 2π

0

|S′(reiθ)| dθ �
∑∞

n=1 σ
α
n

(1− r)
1+α
2

,

and

‖S′‖Bp =

∫ 1

0

∫ 2π

0

|S′(reiθ)| (1− r)
1
p−2 rdrdθ

�
∞∑

n=1

σα
n

∫ 1

0

dr

(1− r)
5+α
2 − 1

p

�
∞∑

n=1

σα
n ,

provided that 5+α
2 − 1

p < 1. This is equivalent to p < 2
3+α .

The conditions of Lemma 6.8 and Theorem 6.11 are clearly fulfilled by a
singular measure consisting of a finite number of Dirac measures. Hence, we
easily obtain the following result.

Corollary 6.12 Let σ1, σ2, . . . , σn > 0, and let ζ1, ζ2, . . . , ζn ∈ T. Put

S(z) = exp

(
−

n∑

k=1

σk
ζk + z

ζk − z

)
, (z ∈ D).

Then
S′ ∈

⋂

0<p<2/3

Bp(D),

but

S′ �∈ B2/3(D).

6.5 A Generalized Cantor Set

Let E be a compact subset of [0, 1]. Given ε > 0, define

Eε = { x ∈ [0, 1] : dist(x,E) ≤ ε}.

We say that E is of type β, 0 < β ≤ 1, if

|Eε| � εβ

as ε −→ 0. We remind that |Eε| refers to the Lebesgue measure of Eε.

Lemma 6.13 There is a continuous singular measure σ on [0, 1] whose sup-
port is a set of type β for every β < 1.

Proof. The Cantor function built on a Cantor set gives a continuous singular
measure. Hence, it is enough to pick a proper generalized Cantor set. See
Sect. 2.3.
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Fix ρ ∈ (0, 1). Put I0 = [0, 1]. Then (In)n≥1 is defined similar to the

classical construction. The set In consists of 2n intervals, each of length ρn
2

,
and In+1 is obtained from In by deleting open intervals from the middle of
each interval of In, so that In+1 consists of 2n+1 intervals, each of length

ρ(n+1)2 . Then we define

E =
∞⋂

n=0

In.

Now, given ε > 0, choose n such that

ρ(n+1)2 ≤ ε < ρn
2

. (6.2)

Since E ⊂ In, we have Eε ⊂ (In)ε. That the set In consists of 2n interval of

length ρn
2

> ε ensures that (In)ε is contained in the union of 2n intervals of

length 3ρn
2

. Hence,

|Eε| ≤ 3× 2nρn
2

.

But, according to (6.2),

n <

√
log ε

log ρ
≤ n+ 1.

Therefore,

|Eε| ≤ c ε exp
(
c′
√
− log ε

)
,

where c and c′ are some positive constants (depending on ρ, but not on ε).
Finally, note that, given β < 1, the relation

ε exp
(
c′
√
− log ε

)
≤ εβ

holds for all small values of ε.

A similar construction works for the subsets of T.

6.6 An Example of S with S′ ∈ Bp(D) for All 0 < p < 2
3

In Theorem 6.11, we dealt with singular inner functions constructed with
purely atomic measures. Then, as a special case, Corollary 6.12 says that
S′ ∈ Bp(D), for all 0 < p < 2/3, where S is any singular inner function
whose measure consists of a finite number of atoms. In this section, we dis-
cuss a similar phenomenon. But, our measures are not necessarily atomic
measures and we could also apply the result to certain continuous singular
measures. The following result can also be viewed as a strengthened version
of Theorem 6.1.
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Theorem 6.14 (Ahern–Clark [5]) Let σ be a positive singular measure
on T which is carried on a compact set of type β, for some β ∈ (0, 1]. Let S
be the corresponding singular inner function. Then

∫

T

(1− |S(reiθ)|) dθ � (1 − r)q

for all q < β
2 . In particular,

S′ ∈
⋂

0<p< 2
4−β

Bp(D).

Proof. Put

P [σ](reiθ) =

∫

T

1− r2

|eit − reiθ|2 dσ(e
iθ), (reiθ ∈ D).

Then

P [σ](reiθ) ≤ 4

∫

T

1− r2

|eit − eiθ|2 dσ(e
iθ) ≤ 8‖σ‖ 1− r

d2(eiθ)
,

where

d(eiθ) = dist(eiθ, E) = inf
eit∈E

|eit − eiθ|.

Since

|S(reiθ)| = exp
(−P [σ](reiθ))

and 1− e−x ≤ x, x ≥ 0, we conclude that the estimation

1− |S(reiθ)| ≤ min

{
1, 8‖σ‖ 1− r

d2(eiθ)

}
, (reiθ ∈ D), (6.3)

holds.
Note that our assumption on the type of E means that

∣∣ { eiθ ∈ T : d(eiθ) ≤ ε } ∣∣ � εβ (6.4)

as ε −→ 0.
Fix q < β

2 . Let (γn)n≥0 be any decreasing sequence of real numbers and
put

I0 = { eiθ ∈ T : d(eiθ) ≤ 2(1− r)γ0 }
and, for n ≥ 1,

In = { eiθ ∈ T : 2(1− r)γn−1 < d(eiθ) ≤ 2(1− r)γn }.
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Hence, by (6.4) and (6.3),

∫

I0

(1− |S(reiθ)|) dθ ≤ |I0| � (1− r)βγ0

and similarly, for n ≥ 1,

∫

In

(1− |S(reiθ)|) dθ � 1− r

(1− r)2γn−1
|In| � (1− r)1−2γn−1+βγn .

Hence, if (γn)n≥0 is such that

βγ0 = 1− 2γn−1 + βγn = q, (n ≥ 1),

then we have ∫

∪N
n=0In

(1 − |S(reiθ)|) dθ � N (1− r)q. (6.5)

Two comments are in order. First, the sequence (γn)n≥0 defined by

γ0 =
q

β
and γn =

2γn−1 + q − 1

β
, (n ≥ 1),

is decreasing. This can be easily verified via relations

γ0−γ1 =
β − 2q

β2
and γn−γn−1 =

2(γn−1 − γn−2)

β
, (n ≥ 1).

Second, the unique solution is also given by

(
β

2
)n γn =

q

β
− 1− q

2

(
1 + (

β

2
) + (

β

2
)2 + · · ·+ (

β

2
)n−1

)
, (n ≥ 1).

As n −→ ∞, the right side converges to

q

β
− 1− q

2

1

1− β
2

=
2q − β

β(2− β)
< 0.

Hence, there is anN0 such that γN0 < 0. Therefore, T = ∪N0
n=0In, and by (6.5),

we get ∫

T

(1 − |S(reiθ)|) dθ � (1− r)q .

By Corollary 6.6, this estimation implies S′ ∈ Bp(D), for any 0 < p < 1
2−q .

Thus, S′ ∈ Bp(D), for all 0 < p < 2
4−β .

Theorem 6.14 and Lemma 6.8 together imply the following result.

Corollary 6.15 Let σ be a positive singular measure on T whose support is
of type β, for all β < 1. Let S be the corresponding singular inner function.
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Then
S′ ∈

⋂

0<p< 2
3

Bp(D),

but
S′ �∈ B2/3(D).

In particular, if σ consists of a finite number of Dirac measures, then the
preceding result applies and hence Corollary 6.12 can be considered as a
special case of this result. Moreover, in the light of Lemma 6.13, we also have
the following version.

Corollary 6.16 There is a singular inner function S, which is constructed
by a continuous singular measure, and such that

S′ ∈
⋂

0<p< 2
3

Bp(D),

but

S′ �∈ B2/3(D).



Chapter 7

The Derivative of a Blaschke Product

7.1 Frostman’s Theorem, Local Version

Let (zn)n≥1 be a Blaschke sequence and let

B(z) =
∞∏

n=1

|zn|
zn

zn − z

1− z̄n z
.

For a fixed point z ∈ D, we know that the partial products

BN (z) =

N∏

n=1

|zn|
zn

zn − z

1− z̄n z

converge to B(z). Indeed, more is true. The convergence is uniform on each
compact subset of an open set Ω which contains the open unit disc. Naturally,
we may ask a similar question for the behavior of BN (eiθ) as N −→ ∞. Does
the limit

lim
N→∞

BN (eiθ) (7.1)

necessarily exist? This question is more interesting to consider when eiθ is a
point of accumulation of the zeros of B. Since otherwise, we know that B is
in fact analytic at this point and the convergence of BN is even uniform on a
small disc around eiθ. In the general case, the answer is not affirmative. For
example, if all the zeros are on the interval [0, 1), then

BN (z) =

N∏

n=1

rn − z

1− rn z
,

which shows that BN (1) = (−1)N , and thus limN→∞ BN (1) does not exist.
Let us look at the boundary values of a Blaschke product from a different

point of view. According to Fatou’s theorem, we know that the radial limits
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limr→1 B(reiθ) exist for almost all eiθ ∈ T. But, first, the exceptional set of
measure zero on which the radial limits fail to exist depends on B. Second,
even for a fixed B, we do not have any intrinsic description of this set, except
of course the fact that its Lebesgue measure is zero. Hence, given B and a
fixed point eiθ ∈ T, Fatou’s result does not tell us anything about the exis-
tence of the radial limit at this point. The following theorem is a significant
result which partially answers this question. This theorem gives a sufficient
condition under which a Blaschke product has a unimodular radial limit at
a given point on T. We naturally expect this value to be the limit of partial
product at the boundary point.

For each Blaschke sequence (zn)n≥1, any subsequence (znk
)k≥1 (finite or

infinite) of (zn)n≥1 is by itself a Blaschke sequence and thus the Blaschke
product

B(z; {znk
}) =

∏

k

|znk
|

znk

znk
− z

1− z̄nk
z

is well-defined. The Blaschke products B(z; {znk
}) are called the subprod-

ucts of B. Note that B is a subproduct of itself corresponding to the whole
sequence (zn)n≥1. For a more complete version of the following result, see
Theorem 7.3.

Theorem 7.1 (Frostman [23]) Let (zn)n≥1 be a Blaschke sequence, and
fix eiθ ∈ T. Suppose that

∞∑

n=1

1− |zn|
|eiθ − zn| < ∞. (7.2)

Then each subproduct B(z; {znk
}) is convergent at the boundary point z = eiθ

and, moreover,

lim
r→1

B(reiθ ; {znk
}) = B(eiθ; {znk

}) = lim
N→∞

BN (eiθ; {znk
}).

Conversely, if all subproducts of B have unimodular radial limits at eiθ

then (7.2) holds.

Proof. It is enough to show that the partial products

BN (z) =

N∏

n=1

|zn|
zn

zn − z

1− z̄n z
, (z ∈ D),

are uniformly convergent on the closed ray [0, eiθ]. Write B =
∏

bzn . Then,
according to (1.14), we have

bzn(z) = 1− (
1− |zn|

) (
1 +

|zn| ( 1 + |zn| ) z
zn ( 1− z̄n z )

)
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and thus

|1− bzn(re
iθ)| ≤ (1− |zn|) + 2

1− |zn|
|1− re−iθzn| .

Thus, for all r ∈ [0, 1],

|1− bzn(re
iθ)| ≤ (1− |zn|) + 4

1− |zn|
|eiθ − zn| .

The assumption (7.2) now ensures that the partial products BN are uniformly
convergent on the ray [0, eiθ]. Since each BN is a continuous function of r,
for r ∈ [0, 1], the limiting function B is also continuous on the ray [0, eiθ].
This means that B is convergent at the point eiθ, B has a radial limit at eiθ,
and, moreover, its radial limit at this point is exactly B(eiθ). If (7.2) holds,
clearly it also holds for any subsequence of (zn)n≥1. Thus, any subproduct of
B also has a unimodular radial limit.

Now, suppose that B and all its subproducts have a unimodular radial
limit at eiθ. Since B is a bounded function, B(z) has the same unimodular
limit as z tends to eiθ from within a Stolz domain anchored at eiθ. Fix one of
these domains, say with opening π/2, and without loss of generality assume
that eiθ = 1. Therefore, since B has a non-tangential unimodular limit, there
are a finite number of zeros (zn)n≥1 in this Stolz domain.

We consider three subproduct of B. The first subproduct B1 is formed
with zeros in the Stolz domain and zeros in the second or third quadrant.
Since the first subproduct has a finite number of zeros in the Stolz domain,
this subproduct is indeed analytic at the point 1, and moreover

∑

zn∈B−1
1 (0)

1− |zn|
|1− zn| ≤ C

∑

zn∈B−1
1 (0)

(1 − |zn|) < ∞.

The second subproduct B2 is formed with zeros in the first quadrant which
are outside the Stolz domain, i.e. the zeros which satisfy

�zn
|1− zn| ≥

1√
2
. (7.3)

For 0 ≤ r < 1, we have

argB2(r) =
∑

zn∈B−1
2 (0)

arcsin
r�(zn) (1− |zn|2)
|zn| |zn − r| |1 − z̄nr| .

Note that the factor 1 − |zn| assures the convergence of the series for each
fixed r, and moreover, it implies that argB2 is a continuous function of r on
the interval [0, 1). Since we assume that B2 has a unimodular limit at the
point 1, the limit

lim
r→1−

argB2(r)
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has to exist, and thus we can consider argB2 as a continuous function on
[0, 1]. Hence, argB2(r) is uniformly bounded on [0, 1], say

∑

zn∈B−1
2 (0)

arcsin
r�(zn) (1 − |zn|2)
|zn| |zn − r| |1 − z̄nr| ≤ C,

and, in particular, we have

∑

zn∈B−1
2 (0)

arcsin
�(zn) (1− |zn|2)

|zn| |zn − 1| |1− z̄n| ≤ C.

Using (7.3), and that arcsin θ ≥ θ, we get

∑

zn∈B−1
2 (0)

1− |zn|
|1− zn| ≤ C.

The treatment of the third subproduct formed with zeros in the forth quad-
rant and outside the Stolz domain is similar. We thus obtain (7.2).

7.2 The Radial Variation

Let f be an analytic function on D. The radial variation of f at eiθ is defined
to be

V (f, eiθ) =

∫ 1

0

|f ′(reiθ)| dr.

Geometrically speaking, V (f, eiθ) is the length of curve

[0, 1) −→ C

r 	−→ f(reiθ).

The following elementary result establishes the relation between the radial
variation and the radial limit of f at eiθ.

Lemma 7.2 Let f : D −→ C be analytic, and let eiθ ∈ T be such that

V (f, eiθ) < ∞.

Then
lim
r→1

f(reiθ)

exists.
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Proof. Since

f(ρ2e
iθ)− f(ρ1e

iθ) =

∫ ρ2e
iθ

ρ1eiθ
f ′(z) dz,

and thus

|f(ρ2eiθ)− f(ρ1e
iθ)| ≤

∫ ρ2

ρ1

|f ′(reiθ)| dr,

the assumption V (f, eiθ) < ∞ ensures that the family
(
f(reiθ)

)
0≤r<1

is a

Cauchy net, as r −→ 1, and thus the limit limr→1 f(re
iθ) exists.

The inverse of Lemma 7.2 is far from being true. W. Rudin extensively
studied this phenomenon [42]. Among other things, he showed that there is a
Blaschke product B for which V (B, eiθ) = ∞ for almost all eiθ ∈ T. However,
J. Bourgain showed that, for each f ∈ H∞(D), the set

{eiθ ∈ T : V (f, eiθ) < ∞}

is nonempty and in fact of Hausdorff dimension 1 [10]. Note that at the same
time, by Fatou’s theorem, B has radial limit almost everywhere on T.

Let (zn)n≥1 be a Blaschke sequence, and fix eiθ ∈ T. According to Theo-
rem 7.1, if

∞∑

n=1

1− |zn|
|eiθ − zn| = ∞, (7.4)

then one of the subproducts of B does not have a unimodular radial limit.
This means that either the radial limit does not exist, or it exists but it is not
unimodular. For example, if we consider the Blaschke product formed with
zn = 1−n−2, n ≥ 1, then, on the one hand (7.4) is fulfilled, and on the other
hand, direct verifications show that limr→1 B(r) = 0. Hence, B itself can be
considered as the subproduct whose existence is manifested in Theorem 7.1.
However, more can be said in this regard. As a matter of fact, under the
condition (7.4), there is always a subproduct which does not have the radial
limit at eiθ.

Theorem 7.3 (Frostman [23], Cargo [12]) Let (zn)n≥1 be a Blaschke se-
quence, and let eiθ ∈ T. Then the following are equivalent:

(i)
∞∑

n=1

1− |zn|
|eiθ − zn| < ∞;

(ii) The radial variations of all subproducts of B at eiθ are uniformly
bounded, i.e. there is a constant C such that, for each subsequence
(znk

)k≥1,

V
(
B(z; {znk

}), eiθ ) ≤ C;
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(iii) Each subproduct of B has a radial limit at eiθ;
(iv) Each subproduct of B has a unimodular radial limit at eiθ.

Proof. Theorem 7.1 says (i) ⇐⇒ (iv). Hence, we show that (i) =⇒ (ii) =⇒
(iii) =⇒ (i).

(i) =⇒ (ii) : By (4.2), we have

|B′(z; {znk
})| ≤

∞∑

k=1

1− |znk
|2

|1− z̄nk
z|2 .

Hence, if we integrate on the radius [0, eiθ), we obtain

V
(
B(z; {znk

}), eiθ ) ≤ π

2

∞∑

k=1

1− |znk
|2

|eiθ − znk
| ≤ π

∞∑

n=1

1− |zn|
|eiθ − zn| < ∞.

(ii) =⇒ (iii) : This follows from Lemma 7.2.
(iii) =⇒ (i) : This is equivalent to assume that (7.4) holds and then show

some subproduct of B fails to have a radial limit at eiθ. Since

1− |zn|
|eiθ − zn| =

1− |e−iθzn|
|1− e−iθzn| ,

and

B(z; {znk
}) =

∏

k

|znk
|

znk

znk
− z

1− z̄nk
z

=
∏

k

|e−iθznk
|

e−iθznk

e−iθznk
− e−iθz

1− e−iθznk
e−iθz

= B(e−iθz; {e−iθznk
}),

without loss of generality we may suppose that θ = 0.

Since we assume that
∞∑

n=1

1− |zn|
|1− zn| = ∞,

there are three possibilities:

(i)
∑

�zn>0

1− |zn|
|1− zn| = ∞;

(ii)
∑

�zn<0

1− |zn|
|1− zn| = ∞;

(iii) There are infinitely many zeros on the radius [0, 1).
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We study the case (i) in detail. Since B(r; {zn}) = B(r; {z̄n}), the second
case follows from the first one. Finally, a small modification of the end of
proof of the case (i) yields a proof for the last case.

Let E = {zn : 0 < arg zn < π
2 }. The heart of the proof is the following

fact: the assumption
∑

zn∈E

1− |zn|
|1− zn| = ∞ (7.5)

implies that B(z;E) carries the radius [0, 1) onto a curve that rotates coun-
terclockwise infinitely many times around the origin. Hence, we would be
able to extract a subproduct whose radial limit at 1 either does not exist or
exists, but it is zero. In the latter case (which can also be applied to the case
(iii)) we will kick out more zeros in order to obtain a subproduct that fails
to have a radial limit.

Write zn = rne
iθn . Since |1 − zn| � (1 − rn) + |θn|, our assumption (7.5)

is equivalent to
∑

zn∈E

1− rn
θn

= ∞.

For each zn ∈ E, we have

arg bzn(0) = 2 arctan

(
(1− rn)

(1 + rn) tan( θn2 )

)
≥ 2 arctan

(
1− rn
θn

)
.

Since arctanx ∼ x, as x −→ 0, we deduce that

∑

zn∈E

arg bzn(0) = ∞.

But,

argB(r;E) =
∑

zn∈E

arg bzn(r), (0 ≤ r ≤ 1),

and thus
lim
r→1

argB(r;E) = ∞.

Therefore, either B(z;E) does not have a radial limit at 1, or it has the radial
limit zero. In the former case, the proof is finished. In the latter, we still need
to dig and extract a subproduct B(z;F ) out of the subproduct B(z;E), which
fails to have a radial limit. We do it such a way that

∑

zn∈F

1− rn
θn

= ∞

still holds, and thus B(r;F ) also winds counterclockwise around the origin,
but |B(r;F )| −→ 1, at least for a sequence r = ρk with ρk −→ 1.
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For simplicity of notations, reindex the elements of E from 1 to ∞. For
each integer n, let s(n) to be the first integer bigger that k such that

s(n)∑

k=n

1− rk
θk

≥ 1. (7.6)

Put
Fn = { zk : n ≤ k ≤ s(n)}, (n ≥ 1).

Let n1 = 1. Since |B(z, Fn1)| −→ 1, as |z| −→ 1, we can choose ρ1 such that

|B(r, Fn1)| ≥ 1− 1

2
, (ρ1 ≤ r ≤ 1).

For any n2 > s(n1), we have

|B(z, Fn2)| ≥ 1− 2
1 + |z|
1− |z|

s(n2)∑

k=n2

(1− |zk|).

Hence, we can choose n2 large enough such that

|B(r, Fn2 )| ≥ 1− 1

22
, (0 ≤ r ≤ ρ1).

Having found n2, we now choose ρ2 > ρ1 such that

|B(r, Fn1 ∪ Fn2)| ≥ 1− 1

22
, (ρ2 ≤ r ≤ 1).

Continuing this process, we obtain two increasing sequences (nk)k≥1 and
(ρk)k≥1 such that, for each k ≥ 1,

|B(r, Fnk
)| ≥ 1− 1

2k
, (0 ≤ r ≤ ρk−1), (7.7)

and

|B(r, Fn1 ∪ Fn2 ∪ · · · ∪ Fnk
)| ≥ 1− 1

2k
, (ρk ≤ r ≤ 1). (7.8)

Put

F =

∞⋃

k=1

Fnk
.

According to (7.6), we have

∑

zn∈F

1− rn
θn

= ∞.



7.3 Frostman’s Theorems, Global Version 107

Moreover, by (7.7) and (7.8),

|B(ρk, F )| ≥
∞∏

j=k

(
1− 1

2k

)
, (k ≥ 1).

Therefore, |B(ρk;F )| −→ 1, as k −→ ∞.
In case (iii), a small modification of the process above gives a subproduct

B(z, F ) such that |B(r;F )| −→ 1, as r −→ 1 on a particular sequence ρk,
k ≥ 1, and at the same time |B(r;F )| −→ 0, as r −→ 1 through the points
of F . Hence, the radial limit does not exist.

Certain immediate consequences of Theorem 7.3 are highlighted below.

(i) If all subproducts of a Blaschke product have radial limits at a boundary
point, then these radial limits are all of modulus one.

(ii) If all subproducts of a Blaschke product have a finite radial variation at
a boundary point, then these radial variations are uniformly bounded
away from infinity.

(iii) Some subproduct of a Blaschke product has infinite radial variation at
a point if and only if some subproduct (not necessarily the same) fails
to have a radial limit at that boundary point.

7.3 Frostman’s Theorems, Global Version

Fatou’s theorem says that a bounded analytic function has radial limits al-
most everywhere on T. Riesz’s theorem completes the picture and says that
the radial limits are unimodular almost everywhere on T. If we put a stronger
condition on the rate of growth of zeros ofB, we naturally expect to get better
results. In this section, we study some results of this type.

Theorem 7.4 (Frostman [23]) Let (zn)n≥1 be a Blaschke sequence satis-
fying the stronger condition

∞∑

n=1

(1− |zn|)α < ∞

for some 0 < α < 1, and let B be the Blaschke product formed with this
sequence. Then B converges at all points of T and has a unimodular radial
limit at these points except possibly on a set of α-capacity zero.

Proof. Let E ⊂ T be the set of all points eiθ such that

∞∑

n=1

1− |zn|
|eiθ − zn| = ∞. (7.9)
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According to Theorem 7.1, at all points of T \E, B converges and has a uni-
modular radial limit. Hence, it is enough to show that Cα(E) = 0. (However,
it is worthwhile to mention that B still may converge and have a unimodular
limit at some points of E.)

Suppose, on the contrary, that Cα(E) > 0 and we seek a contradiction.
Thus, by Theorem 2.3, there is a positive Borel measure μ, μ �≡ 0, whose
support is in E, and a positive constant C, such that

Pμ,α(z) =

∫

C

dμ(eiθ)

|eiθ − z|α ≤ C, (z ∈ C).

Let

I =

∫

C

( ∞∑

n=1

1− |zn|
|eiθ − zn|

)
dμ(eiθ).

Since 1− |zn| ≤ |eiθ − zn|, then, on the one hand, we have

I =

∞∑

n=1

(1− |zn|)α
∫

C

(
1− |zn|
|eiθ − zn|

)1−α
dμ(eiθ)

|eiθ − zn|α

≤
∞∑

n=1

(1− |zn|)α
∫

C

dμ(eiθ)

|eiθ − zn|α

=

∞∑

n=1

(1− |zn|)α Pμ,α(zn)

≤ C
∞∑

n=1

(1− |zn|)α < ∞.

But, on the other hand, by (7.9),

I =

∫

C

( ∞∑

n=1

1− |zn|
|eiθ − zn|

)
dμ(eiθ)

=

∫

E

( ∞∑

n=1

1− |zn|
|eiθ − zn|

)
dμ(eiθ) = ∞.

This is a contradiction.

Corollary 7.5 (Cargo [12]) Let (zn)n≥1 be a Blaschke sequence satisfying
the stronger condition

∞∑

n=1

(1− |zn|)α < ∞

for some 0 < α < 1, and let B be the Blaschke product formed with this
sequence. Then, for all eiθ ∈ T except possibly on a set of α-capacity zero, all
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the subproducts B(z, {znk
}) have finite radial variations, and for any such eiθ

the radial variations (corresponding to different subproducts) are uniformly
bounded away from infinity.

Remark. The upper bounds for the radial variations depend on θ, and thus
there might not exist a universal constant which works as an upper bound
for all such θ’s.

Proof. The result follows from Theorem 7.4.

Example 7.6 Theorem 7.4 is almost sharp in the following sense. Given
a sequence of positive numbers (rn)n≥1 satisfying

∞∑

n=1

(1− rn) < ∞,

but, for some 0 < α < 1,

∞∑

n=1

(1− rn)
α = ∞,

we are able to find a sequence of arguments (θn)n≥1 such that the Blaschke
product formed with zeros (rne

iθn)n≥1 does not have a unimodular radial
limit on a set of positive β−capacity, for each β < α.

Let E be the set constructed on T with

�n = 2−n/α n−2/α

as described at the end of Sect. 2.3. The condition 2�n < �n−1 is satisfied.
Hence, by (2.14), we have

μβ(E) = C lim
n→∞ 2n �βn = C lim

n→∞ 2n(1−
β
α ) n−2β/α = ∞

for each β < α. Thus, by (2.11), we must also have

Cβ(E) = ∞

for all β < α. For simplicity, write εn = 1− rn. Then the relation

∞∑

n=1

εαn ≤
∞∑

n=1

2n εα2n

ensures that ∞∑

n=1

2n εα2n = ∞,
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and therefore, for infinitely many values of n, we must have

2n εα2n >
1

n2
.

Equivalently, this means that, for infinitely many values of n,

ε2n > �n. (7.10)

Let θk be such that zk = rke
iθk stays on the ray passing through the middle

of Ik. Fix eiθ ∈ E. Hence, eiθ ∈ Ik for some k with 2n−1 ≤ k < 2n. Then

|eiθ − zk| sin(ϕk) = |zk| sin(φk) ≤ |zk| sin(�n/2) ≤ �n/2.

Therefore,

sin(ϕk) ≤ �n
2|eiθ − zk| ≤

�n
2εk

≤ �n
2ε2n

.

Hence, for infinitely many values of k, we have

sin(ϕk) ≤ 1

2
.

This means that infinitely many zeros of B are in a Stolz domain with opening
π/6 anchored at eiθ. Thus, B does not have a unimodular limit at this point.

Theorem 7.4 along with the preceding observation can be stated in the
following technical language.

Corollary 7.7 Let (zn)n≥1 be a Blaschke sequence, and let B be the Blaschke
product formed with this sequence. Let E ⊂ T be the set of all points at which
B does not converge or does not have a unimodular radial limit. If, for some
0 < α < 1,

∞∑

n=1

(1− |zn|)α < ∞

then the Hausdorff dimension of E is at most α, and if

∞∑

n=1

(1− |zn|)α = ∞

then the Hausdorff dimension of E can be at least α.

We emphasize that in the second case of above corollary, the Hausdorff
dimension can be at least α. But, it might be actually less than α. For exam-
ple, if all the zeros are on the ray [0, 1), then the exceptional set is precisely
E = {1} whose logarithmic capacity is zero, while given any α ∈ (0, 1) we
can easily choose a sequence (rn)n≥1 such that

∞∑

n=1

(1− rn)
α = ∞
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and
∞∑

n=1

(1− rn)
α+ε < ∞.

Hence, to avoid any ambiguity, it is better to say that there are Blaschke
sequences (zn)n≥1 such that

∞∑

n=1

(1− |zn|)α = ∞

and the corresponding Blaschke product does not have unimodular limits on
a set of Hausdorff dimension of at least α.

Since C1(T) = 0 Theorem 7.4 does not provide any information if α = 1.
However, a proper modification of its proof gives the following result.

Theorem 7.8 (Frostman [23]) Let (zn)n≥1 be a Blaschke sequence satis-
fying the stronger condition

∞∑

n=1

(1− |zn|) log 1

(1− |zn|) < ∞,

and let B be the Blaschke product formed with this sequence. Then B con-
verges at all points of T and has a unimodular radial limit at these points
except possibly on a set of Lebesgue measure zero.

Proof. It is enough to note that

∫

T

( ∞∑

n=1

1− |zn|
|eiθ − zn|

)
dθ =

∞∑

n=1

(1− |zn|)
∫ π

−π

dθ

|eiθ − zn|

= 2

∞∑

n=1

(1− |zn|)
∫ π

0

dt∣∣ eit − |zn|
∣∣

≤ C

∞∑

n=1

(1− |zn|) log 1

(1− |zn|) < ∞.

Hence, the set of point eiθ ∈ T such that

∞∑

n=1

1− |zn|
|eiθ − zn| = ∞

has the Lebesgue measure zero. Hence, by Theorem 7.1, B converges and has
a unimodular radial limit almost everywhere on T.



112 7 The Derivative of a Blaschke Product

Corollary 7.9 Let (zn)n≥1 be a Blaschke sequence satisfying the stronger
condition

∞∑

n=1

(1− |zn|) log 1

(1− |zn|) < ∞,

and let B be the Blaschke product formed with this sequence. Then, for all
eiθ ∈ T except possibly on a set of Lebesgue measure zero, all the subproducts
B(z, {znk

}) have finite radial variations, and for any such eiθ these radial
variations are uniformly bounded away from infinity.

Proof. The result follows from Theorems 7.3 and 7.8.

A simple calculation shows that

(1 − |zn|) log 1

(1− |zn|) ≤ 2(1− |zn|) log n+
2

n3/2
, (n ≥ 1).

As a matter of fact, if log 1/(1− |zn|) ≤ 2 logn, then the inequality trivially
holds. And, if not, i.e. if log 1/(1− |zn|) > 2 logn, then

(1− |zn|) log 1

(1− |zn|) ≤ 2(1− |zn|)3/4 ≤ 2

n3/2
.

Hence, in each case, the inequality is valid. Therefore, we obtain the following
weaker version of Theorem 7.8.

Corollary 7.10 Let (zn)n≥1 be a Blaschke sequence satisfying the stronger
condition ∞∑

n=1

(1− |zn|) logn < ∞,

and let B be the Blaschke product formed with this sequence. Then B con-
verges at all points of T and has a unimodular radial limit at these points
except possibly on a set of Lebesgue measure zero.

Example 7.11 The Corollary 7.10 is sharp in the following sense. Given
a sequence of positive numbers (rn)n≥1 satisfying

∞∑

n=1

(1− rn) < ∞,

but
∞∑

n=1

(1 − rn) log n = ∞,

we are able to find a sequence of arguments (θn)n≥1 such that, for each
eiθ ∈ T, the Blaschke product formed with zeros zn = rne

iθn , n ≥ 1, or one
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of its subproducts do not have a unimodular radial limit at this point. In
other words, according to Theorem 7.1, we should find the arguments θn,
n ≥ 1, such that

∞∑

n=1

1− |zn|
|eiθ − zn| = ∞

for all eiθ ∈ T. Hence, for 2n−1 ≤ k < 2n, put

θk =
2πk

2n−1
,

where n ≥ 1. Since

|eiθ − zk| ≤ (1− rk) + |θ − θk|,

we see that

Sn =

2n−1∑

k=2n−1

1− |zk|
|eiθ − zk|

≥ (1 − r2n)

2n−1∑

k=1

1

(1− r2n−1) + 2πk
2n−1

= 2n−1(1− r2n)
2n−1∑

k=1

1

2n−1(1− r2n−1) + 2πk
.

As n −→ ∞, we know that 2n(1− r2n) −→ 0. Therefore, for n large enough,

Sn ≥ 2n−1(1− r2n) × 1

4π

2n−1∑

k=1

1

k

≥ 2n−1

4π
(1− r2n) log(2

n−1 − 1).

By assumption,
∞∑

n=1

n 2n (1 − r2n) = ∞.

Therefore,
∞∑

n=1

1− |zn|
|eiθ − zn| =

∞∑

n=1

Sn = ∞.
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7.4 An Example of B with B′ �∈ N

The relations (4.16) and (4.18) provide a good basis to deceive us to
conjecture that B′ should be in a Hardy space Hp(D), at least for a small p.
However, on the contrary, O. Frostman [23] constructed a Blaschke product
whose zeros satisfy even the stronger condition

∞∑

n=1

(1− |zn|)α < ∞

for all α > 1/2 and yet B′ �∈ N . We remind the reader that the Nevanlinna
class N is so large that it contains all Hardy spaces Hp. Frostman’s con-
struction is such that every point of T is an accumulation point of the zeros
of B. See Sect. 7.6. However, P. Ahern gave an example for which the set of
accumulation points is much smaller. In fact, it can even be reduced to one
point on T.

To state Ahern’s result we need a new definition. Let E be a closed subset
of T. Hence, its complement T \ E, as an open subset of T, is a countable
union of open intervals In, n ≥ 1. Denote the arc length of In by �n. We say
that E is a Carleson set if |E| = 0 and

∑

n≥1

�n log 1/�n < ∞.

Theorem 7.12 (Ahern [1]) Let E be a closed subset of T. Suppose that E
has Lebesgue measure zero, and that it is not a Carleson set. Then there is a
Blaschke sequence (zn)n≥1 which satisfies the following properties:

(i) The set of accumulation points of (zn)n≥1 on T is a subset of E;
(ii) The sequence (zn)n≥1 satisfies

∞∑

n=1

(1− |zn|)α < ∞

for all α > 1/2;
(iii) The Blaschke product B formed with (zn)n≥1 is such that B′ �∈ N .

Proof. Without loss of generality, assume that 1 ∈ E. Since E is closed, its
complement is at most a countable union of open arcs, say

T \ E =
∞⋃

n=1

In,

where In = {eiθ : 0 < αn < θ < βn < 2π}. For simplicity, let us write
εn = βn − αn. The assumption |E| = 0 is equivalent to
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∞∑

n=1

εn = 2π (7.11)

and that E is not a Carleson set means that

∞∑

n=1

εn log 1/εn = ∞.

Hence, we can choose a sequence (δn)n≥1 such that 0 < δn < 1 and

lim
n→∞ δn = 0 (7.12)

but still ∞∑

n=1

δn εn log 1/εn = ∞. (7.13)

Then, for n ≥ 1, put

λn = (1− ε2−δn
n ) eiαn and ηn = (1− ε2−δn

n ) eiβn .

The union of (λn)n≥1 and (ηn)n≥1, with an appropriate indexing, is our
Blaschke sequence (zn)n≥1.

According to the construction, no point of the Blaschke sequence is in the
open sector

{ reiθ : 0 < r < 1 and αn < θ < βn},
and thus the property (i) clearly holds. Therefore, by Theorem 1.5, the
Blaschke product B has in fact an analytic extension across each In.

For any fixed α > 1/2, by (7.12), we eventually have (2 − δn)α ≥ 1, say
for n ≥ N = N(α), and thus

∞∑

n=N

(1− |zn|)α = 2

∞∑

n=N

ε(2−δn)α
n ≤ 2

∞∑

n=N

εn < ∞.

This establishes part (ii).
Finally, by (4.8), at least for each eiθ ∈ ∪∞

n=1In we have

|B′(eiθ)| =
∞∑

n=1

1− |λn|2
|eiθ − λn|2 +

∞∑

n=1

1− |ηn|2
|eiθ − ηn|2 .

We exploit this formula to obtain a lower estimation for |B′|. Write λn =
rn e

iαn , where rn = 1− ε2−δn
n . Then it is easy to verify that

|eiθ − λn|2 = (1− rn)
2 + 4rn sin2( (θ − αn)/2 )

≤ (1− rn)
2 + (θ − αn)

2.
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Therefore, we have

|B′(eiθ)| ≥ 1− rn
(1− rn)2 + (θ − αn)2

, (7.14)

where eiθ is any point of T. In particular, the lower estimation

|B′(eiθ)| ≥ 1− rn
(1− rn)2 + (βn − αn)2

holds uniformly on In. Hence,

|B′(eiθ)| ≥ ε
(2−δn)
n

ε
2(2−δn)
n + ε2n

=
1

εδnn + ε2−δn
n

≥ 1

2εδnn
,

which implies

∫

In

log+ |B′(eiθ)| dθ ≥ (− log 2) εn + δn εn log 1/εn.

Therefore, by (7.11) and (7.13),

∫

T

log+ |B′(eiθ)| dθ =

∞∑

n=1

∫

In

log+ |B′(eiθ)| dθ = ∞.

In other words, B′ �∈ N , which is part (iii).

The success of the preceding construction is due to the fact that the se-
quence (zn)n≥1 tends very tangentially to the points of T. This imprecise
statement is somehow justified by the following result. This phenomenon will
be further studied in Sect. 8.5.

Theorem 7.13 If the zeros of a Blaschke product B all lie in a Stolz domain,
then

B′ ∈
⋂

0<p< 1
2

Hp(D).

Remark. Corollary 8.17 is a generalization of this result.

Proof. (Girela–Peláez–Vukotić [24]) By (4.16),

|B′(z)| ≤
∞∑

n=1

1− |zn|2
| 1− z̄n z |2 , (z ∈ D).

Suppose that all zeros of B are in the Stolz domain SC(e
iθ0). Hence,

|B′(z)| ≤ 4(2 + C)2
∑∞

n=1(1− |zn|2)
|eiθ0 − z|2 , (z ∈ D).
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This is enough since
1

(1− z)2
∈

⋂

0<p< 1
2

Hp(D).

There is a Blaschke sequence B whose zeros are on the interval [0, 1) and
yet B′ �∈ H1/2(D). See Examples 8.10 and 8.15. Hence, Theorem 7.13 is sharp.

7.5 A Sufficient Condition for the Existence of B′(eiθ)

In this section, we study another essential theorem of Frostman, similar
to Theorem 7.1, about the local boundary behavior of the derivative of a
Blaschke product.

Theorem 7.14 (Frostman [23]) Let (zn)n≥1 be a Blaschke sequence, and
fix eiθ ∈ T. Then the Blaschke product

B(z) =

∞∏

n=1

|zn|
zn

zn − z

1− z̄n z
, (z ∈ D), (7.15)

has angular derivative in the sense of Carathéodory at eiθ if and only if

∞∑

n=1

1− |zn|
|eiθ − zn|2 < ∞. (7.16)

Moreover, in this case, we have

B′(eiθ) = e−iθ B(eiθ)

∞∑

n=1

1− |zn|2
|eiθ − zn|2 .

Proof. Fix a Stolz domain SC(e
iθ). The assumption (7.16) a priori im-

plies (7.2), and thus B and all its subproducts are continuous functions on

SC(eiθ), the closure of SC(e
iθ) in the complex plane, and they have unimod-

ular radial limits at the boundary point eiθ. By (4.2),

B′(z) = −
∞∑

n=1

|zn|
zn

1− |zn|2
(1− z̄n z)2

Bn(z), (z ∈ D), (7.17)

where

Bn(z) =
B(z)

|zn|
zn

zn−z
1−z̄n z

. (7.18)

Since
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∣∣∣∣
|zn|
zn

1− |zn|2
(1− z̄n z)2

Bn(z)

∣∣∣∣ ≤ 8(2 + C)2
1− |zn|

|eiθ − zn|2 , (z ∈ SC(eiθ)),

we conclude that the series in (7.17) is uniformly convergent on SC(eiθ).
Moreover, by Theorem 7.1, each term

|zn|
zn

1− |zn|2
(1− z̄n z)2

Bn(z)

is a continuous function on SC(eiθ). Thus, by the Weierstrass M-test, B′ is
also continuous on SC(eiθ). Therefore,

B′(eiθ) = lim
z−→eiθ�

B′(z)

exists and, by (7.18),

B′(eiθ) = −
∞∑

n=1

|zn|
zn

1− |zn|2
(1 − z̄n eiθ)2

Bn(e
iθ)

= −
∞∑

n=1

1− |zn|2
(1− z̄n eiθ)

B(eiθ)

zn − eiθ

= e−iθ B(eiθ)

∞∑

n=1

1− |zn|2
|eiθ − zn|2 .

To prove that (7.16) is also necessary, we assume

∞∑

n=1

1− |zn|
|eiθ − zn|2 = ∞

and then we show that B does not have an angular derivative in the sense
of Carathéodory at eiθ. If the radial limit of B at eiθ does not exist, or if
it exists but is not unimodular, the claim is trivial. Hence, assume that the
radial limit of B at eiθ exists and |B(eiθ)| = 1. Then

|B(reiθ)|2 =

∞∏

n=1

(
1− (1 − |zn|2) (1− r2)

|1− z̄n reiθ|2
)

≤ exp

{
−

∞∑

n=1

(1− |zn|2) (1− r2)

|1− z̄n reiθ|2
}
.

Thus, we must have

lim
r→1

∞∑

n=1

(1− |zn|2) (1 − r2)

|1− z̄n reiθ |2 = 0.
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Since the inequality e−t ≤ 1−t/2 holds for small positive numbers, we obtain

|B(reiθ)|2 ≤ 1− 1

2

∞∑

n=1

(1− |zn|2) (1 − r2)

|1− z̄n reiθ |2 .

Hence,

1− |B(reiθ)|2
1− r2

≥ 1

2

∞∑

n=1

1− |zn|2
|1− z̄n reiθ |2 .

Therefore, by Fatou’s lemma,

lim inf
r→1

1− |B(reiθ)|
1− r

≥ 1

4

∞∑

n=1

1− |zn|
|1− z̄n eiθ|2 = ∞.

Theorem 4.8 now ensures that the derivative ofB in the sense of Carathéodory
at eiθ does not exist.

7.6 The Global Behavior of B′

Theorem 7.1, which treats the local behavior of a Blaschke product, was ap-
plied to obtain global results like Theorems 7.4 and 7.8. In the same manner,
we apply Theorem 7.14 to obtain global results about the behavior of B′.

Theorem 7.15 (Frostman [23]) Let 0 < α < 1/2, let (zn)n≥1 be a
Blaschke sequence satisfying the stronger condition

∞∑

n=1

(1 − |zn|)α < ∞,

and let B be the Blaschke product formed with this sequence. Then B has
an angular derivative in the sense of Carathéodory at all points of T except
possibly on a set of 2α-capacity zero.

Proof. Corresponding to each zero zn, n ≥ 1, consider the open interval In
of length (1− |zn|)1/2 on T whose middle point is on the ray passing through
zn. Let

Vn =
∞⋃

k=n

Ik, (n ≥ 1),

and let

V =

∞⋂

n=1

Vn.
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Hence, we have

μ2α(Vn) ≤
∞∑

k=n

(1− |zn|)α,

which implies μ2α(V ) = 0. Therefore, we necessarily have C2α(V ) = 0.
The open set Vn is defined such that, by the triangle inequality,

|eiθ − zk| ≥ 1

2
(1 − |zn|)1/2 − (1− |zk|) (7.19)

≥ 1

4
(1 − |zn|)1/2, (k ≥ n), (7.20)

for all eiθ �∈ Vn. Let En ⊂ (T \ Vn) be the set of all points eiθ such that

∞∑

k=1

1− |zk|
|eiθ − zk|2 = ∞. (7.21)

According to Theorem 7.14, at all points of the complement of En ∪ Vn, B
has angular derivative in the sense of Carathéodory. Hence, we proceed to
show that C2α(En) = 0.

Suppose, on the contrary, that C2α(En) > 0. Thus, by Theorem 2.3, there
is a positive Borel Measure μ, μ �≡ 0, whose support is in En, and a positive
constant C, such that

Pμ,2α(z) =

∫

C

dμ(eiθ)

|eiθ − z|2α ≤ C, (z ∈ C).

Let

I =

∫

C

( ∞∑

k=n

1− |zk|
|eiθ − zk|2

)
dμ(eiθ).

On the one hand, by (7.20), we have

I =

∞∑

k=n

(1 − |zk|)α
∫

C

(
1− |zk|

|eiθ − zk|2
)1−α

dμ(eiθ)

|eiθ − zn|2α

≤ 161−α
∞∑

k=n

(1 − |zk|)α
∫

C

dμ(eiθ)

|eiθ − zk|2α

= 161−α
∞∑

k=n

(1 − |zk|)α Pμ,2α(zk) ≤ C 161−α
∞∑

n=1

(1 − |zn|)α < ∞.

But, on the other hand, by (7.21),

I =

∫

En

( ∞∑

k=n

1− |zk|
|eiθ − zk|2

)
dμ(eiθ) = ∞,

which is a contradiction.
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Let

E = V ∪
( ∞⋃

n=1

En

)
.

Clearly, C2α(E) = 0, and at each point of T \E, B has angular derivative in
the sense of Carathéodory.

The preceding result is almost sharp in the following sense. Given a se-
quence of positive numbers (rn)n≥1 satisfying

∞∑

n=1

(1− rn) < ∞,

but, for some 0 < α < 1/2,

∞∑

n=1

(1− rn)
α = ∞,

we are able to find a sequence of arguments (θn)n≥1 such that the Blaschke
product formed with zeros (rne

iθn)n≥1 does not have angular derivative in
the sense of Carathéodory on a set of positive β−capacity, for all β < 2α.

Let E be the set constructed on T with

�n = 2−n/2α n−2/α

as described at the end of Sect. 2.3. The condition 2�n < �n−1 is still satisfied.
Hence, by (2.14), we have

μβ(E) = C lim
n→∞ 2n �βn = C lim

n→∞ 2n(1−
β
2α ) n−2β/α = ∞

for each β < 2α. Thus, by (2.11), we must also have

Cβ(E) = ∞

for all β < 2α. For simplicity, write εn = 1− rn. Then the relation

∞∑

n=1

ε2αn ≤
∞∑

n=1

2n ε2α2n

ensures that ∞∑

n=1

2n ε2α2n = ∞,

and therefore, for infinitely many values of n, we must have

2n ε2α2n >
1

n2
.
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Equivalently, this means that, for infinitely many values of n,

ε2n > �n. (7.22)

As we did before, let θk be such that zk = rke
iθk stays on the ray passing

through the middle point of Ik. Fix eiθ ∈ E. Hence, eiθ ∈ Ik for some k with
2n−1 ≤ k < 2n. Thus, by (7.22),

εk
|eiθ − zk|2 ≥ εk

ε2k +
	2n
4

≥ 1

εk +
	2n

4ε2n

≥ 4

5

for infinitely many values of n. Hence, the series (7.16) diverges and, by
Theorem 7.14, we conclude that B does not have angular derivative in the
sense of Carathéodory at any eiθ ∈ E.

Theorem 7.15 along with the preceding observation can be stated in the
following technical language.

Corollary 7.16 Let (zn)n≥1 be a Blaschke sequence, and let B be the
Blaschke product formed with this sequence. Let E ⊂ T be the set of all points
at which B does not have angular derivative in the sense of Carathéodory. If,
for some 0 < α < 1/2,

∞∑

n=1

(1− |zn|)α < ∞

then the Hausdorff dimension of E is at most 2α, and if

∞∑

n=1

(1− |zn|)α = ∞

then the Hausdorff dimension of E can be at least 2α.

We now treat the case α = 1/2.

Theorem 7.17 (Frostman [23]) Let (zn)n≥1 be a Blaschke sequence sat-
isfying the stronger condition

∞∑

n=1

(1− |zn|)1/2 < ∞,

and let B be the Blaschke product formed with this sequence. Then B has
an angular derivative in the sense of Carathéodory at all points of T except
possibly on a set of Lebesgue measure zero.

Proof. We apply the same construction exploited in the proof of Theo-
rem 7.15. We need to show that E has the Lebesgue measure zero.
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In the first place, according to the definition of Ik,

|Vn| ≤
∞∑

k=n

|Ik| =
∞∑

k=n

(1− |zn|)1/2,

and thus |V | = limn→∞ |Vn| = 0. Secondly, for n large enough,

∫

T\Vn

( ∞∑

k=n

1− |zk|
|eiθ − zk|2

)
dθ ≤

∞∑

k=n

∫

T\Ik

1− |zk|
|eiθ − zk|2 dθ

≤ 2

∞∑

k=n

∫ π

(1−|zk|)1/2
1− |zk|

(1− |zk|)2 + 2|zk| t2/π2
dt

≤ 2π2
∞∑

k=n

(1− |zk|)1/2,

which implies

∫

En

( ∞∑

k=1

1− |zk|
|eiθ − zk|2

)
dθ ≤

∫

T\Vn

( ∞∑

k=1

1− |zk|
|eiθ − zk|2

)
dθ < ∞.

Hence, we must have |En| = 0, n ≥ 1.

The preceding result is almost sharp in the following sense. Given a se-
quence of positive numbers (rn)n≥1 satisfying

∞∑

n=1

(1− rn) < ∞,

but ∞∑

n=1

(1− rn)
1/2 = ∞,

we are able to find a sequence of arguments (θn)n≥1 such that the Blaschke
product formed with zeros (rne

iθn)n≥1 does not have angular derivative in
the sense of Carathéodory at any point of T. Put

θn =

n∑

k=1

(1 − rk)
1/2

and zn = rne
iθn , n ≥ 1. Fix eiθ ∈ T. Since

θn −→ ∞ and θn − θn−1 −→ 0,

an n −→ ∞, there are infinitely many values of n such that eiθ is on the arc
[eiθn−1 , eiθn ] ⊂ T. For each such n, we have
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|eiθ − zn|2 ≤ (1− rn)
2 + 4 sin2(

θn − θ

2
)

≤ (1− rn)
2 + (1− rn) ≤ 2(1− rn).

Therefore, for infinitely many values of n, we have

1− |zn|
|eiθ − zn|2 ≥ 1

2
.

Thus,
∞∑

n=1

1− |zn|
|eiθ − zn|2 = ∞

and, in the light of Theorem 7.14, we conclude that B does not have angular
derivative in the sense of Carathéodory at any point of T.

As a matter of fact, we can say a bit more about the Blaschke product we
just constructed. According to Riesz’s theorem, B has unimodular radial lim-
its almost every where on T. Hence, as we saw in the proof of Theorem 7.14,
at any such point,

lim inf
r→1

1− |B(reiθ)|
1− r

= ∞
which, by Theorem 4.8, implies

lim
r→1

|B′(reiθ)| = ∞

for almost all eiθ ∈ T. Therefore, certainly B′ �∈ N . See also Ahern’s con-
struction (Theorem 7.12).



Chapter 8

Hp-Means of B′

8.1 When Do We Have B′ ∈ H1(D)?

Theorem 5.4 provided a necessary and sufficient condition for the inclusion
B′ ∈ Hp(D). This result, with some variation, is restated below . We will also
see how the following lemma can be used to produce some families of Blaschke
products that will be used throughout the text as illustrating examples.

Lemma 8.1 Let B be a Blaschke product formed with the Blaschke sequence
zn = rn e

iθn, n ≥ 1, and let 0 < p ≤ ∞. Then the following are equivalent:

(i)
B′ ∈ Hp(D);

(ii)

|B′(eiθ)| =
∑

n

1− |zn|2
|eiθ − zn|2 ∈ Lp(T);

(iii)

fB(θ) =

∞∑

n=1

1− rn
(1− rn)2 + (θ − θn)2

∈ Lp.

Proof. This is a special case of Theorem 5.4. It is enough just to observe that
(1− |zn|2) � 1− rn and

|eiθ − zn|2 � (1− rn)
2 + (θ − θn)

2. (8.1)

While there is no ambiguity in saying

∑

n

1− |zn|2
|eiθ − zn|2 ∈ Lp(T),

there is a little doubt about the choice of θ and θn in the definition of fB.
That is why indeed, in the statement of Lemma 8.1, we wrote fB ∈ Lp and
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did not mention which Lp should be considered. In fact, our choice should
be such that (8.1) remains valid, and for this, we need |θ − θn| to be small
if |eiθ − zn| is small. A remedy is to write B = B1B2, where B1 and B2 are
the subproducts formed respectively with zeros in the right hand semidisc
and left hand semidisc. Then, for fB1 , we can take −π/2 ≤ θn ≤ π/2 and
−π < θ < π. Now, we can say B′

1 ∈ Hp(D) if and only if fB1 ∈ Lp(−π, π).
The treatment of B2 is similar.

Corollary 8.2 Let B be a Blaschke product. Then B′ ∈ H1(D) if and only
if B is a finite Blaschke product.

Proof. By Lemma 8.1, B′ ∈ H1(D) if and only if

∑

n

1− |zn|2
|eiθ − zn|2 ∈ L1(T).

But,

1

2π

∫ 2π

0

(
∑

n

1− |zn|2
|eiθ − zn|2

)
dθ =

∑

n

1

2π

∫ 2π

0

1− |zn|2
|eiθ − zn|2 dθ =

∑

n

1.

Clearly, the sum is finite if and only if the index n runs through a finite set.

Corollary 8.2 reveals that for infinite Blaschke products, we can hope for
the relation B′ ∈ Hp(D) only if 0 < p < 1. In Sect. 7.4, we showed that
this hope cannot be achieved if we do not put some stronger restrictions on
the rate of growth of zeros of B. In other words, there are infinite Blaschke
products whose derivatives are not in any Hardy space. However, in Sect. 8.2,
we present sufficient conditions which guarantee B′ ∈ Hp(D) for some 0 <
p < 1. In particular, there is an infinite Blaschke product B such that

B′ ∈
⋂

0<p<1

Hp(D).

See Example 8.5.
The impossibility of B′ ∈ H1(D) for infinite Blaschke products can also be

looked at from a different angle. Since B has infinitely many zeros that cluster
on some points of T and at the same time, by Theorem 1.7, B is unimodular
almost everywhere on T, then B is never continuous on D. Therefore, the
following result is another manifestation that for no infinite Blaschke product
B, the relation B′ ∈ H1(D) holds.

Theorem 8.3 (Privalov [37, 38]) Let f be analytic on D. Then f ′ ∈
H1(D) if and only if f is continuous on D and absolutely continuous on T.

Proof. Suppose that f ′ ∈ H1(D). Hence, the limit

φ(t) = lim
r→1

f ′(reit)
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exists for almost all t ∈ [0, 2π] and φ ∈ L1([0, 2π]). Moreover, ieitφ(t) is the
boundary values of the H1-function izf ′(z), which is vanishing at the origin,
and thus we must have ∫ 2π

0

ieitφ(t) dt = 0. (8.2)

Hence, the representation

ireiθ f ′(reiθ) =
1

2π

∫ 2π

0

1− r2

1 + r2 − 2r cos(θ − t)
ieitφ(t) dt (8.3)

holds for all reiθ ∈ D.
Define

Φ(t) =

∫ t

0

ieisφ(s) ds, (t ∈ [0, 2π]).

Since φ ∈ L1([0, 2π]), the function Φ is absolutely continuous on [0, 2π] and,
by (8.2), Φ(0) = Φ(2π) = 0. Thus, we may interpret Φ as an absolutely
continuous function on T.

The left side of (8.3) is equal to

∂

∂θ

(
f(reiθ)

)
,

and, for the right side, by doing the integration by parts, we obtain

∂

∂θ

(
f(reiθ)

)
=

1

2π

∫ 2π

0

1− r2

1 + r2 − 2r cos(θ − t)
Φ′(t) dt

= − 1

2π

∫ 2π

0

∂

∂t

(
1− r2

1 + r2 − 2r cos(θ − t)

)
Φ(t) dt

=
1

2π

∫ 2π

0

(1− r2)(−2r sin(θ − t))

(1 + r2 − 2r cos(θ − t))2
Φ(t) dt

=
1

2π

∫ 2π

0

∂

∂θ

(
1− r2

1 + r2 − 2r cos(θ − t)

)
Φ(t) dt

=
∂

∂θ

(
1

2π

∫ 2π

0

1− r2

1 + r2 − 2r cos(θ − t)
Φ(t) dt

)
.

The essential part of proof is the second identity above, which works since Φ
is absolutely continuous on T. Then the equation

∂

∂θ

(
f(reiθ)

)
=

∂

∂θ

(
1

2π

∫ 2π

0

1− r2

1 + r2 − 2r cos(θ − t)
Φ(t) dt

)

implies



128 8 Hp-Means of B′

f(reiθ) =
1

2π

∫ 2π

0

1− r2

1 + r2 − 2r cos(θ − t)
Φ(t) dt+ C(r),

where C(r) is constant with respect to θ. But, C(r) is the difference of two
complex valued harmonic functions. Hence, we must have

C(r) = a log r + b,

where a and b are arbitrary constants. However, the continuity at the origin
forces a = 0. In short, we have the representation

f(reiθ) =
1

2π

∫ 2π

0

1− r2

1 + r2 − 2r cos(θ − t)

(
Φ(t) + b

)
dt, (reiθ ∈ D),

and this representation reveals that Φ + b is actually the boundary trace of
f on T. Hence, f is continuous on D and f is absolutely continuous on T.

Now, suppose that f is analytic on D, continuous on D and absolutely
continuous on T. Then we have the representation

f(reiθ) =
1

2π

∫ 2π

0

1− r2

1 + r2 − 2r cos(θ − t)
f(eit) dt, (reiθ ∈ D).

Differentiating with respect to θ gives

ireiθ f ′(reiθ) =
1

2π

∫ 2π

0

∂

∂θ

(
1− r2

1 + r2 − 2r cos(θ − t)

)
f(eit) dt

=
1

2π

∫ 2π

0

(1− r2)(−2r sin(θ − t))
(
1 + r2 − 2r cos(θ − t)

)2 f(e
it) dt

= − 1

2π

∫ 2π

0

∂

∂t

(
1− r2

1 + r2 − 2r cos(θ − t)

)
f(eit) dt.

Since f is absolutely continuous on T, we can integrate by parts to obtain

ireiθ f ′(reiθ) =
1

2π

∫ 2π

0

1− r2

1 + r2 − 2r cos(θ − t)

(
d

dt
f(eit)

)
dt.

This was a crucial step. The absolute continuity of f also means that

d

dt
f(eit) ∈ L1(T).

Hence, izf ′(z) ∈ H1(T), which implies f ′ ∈ H1(T).

Note that, under the assumptions of the preceding theorem, we incidentally
proved

thatf(eiθ) = f(1) +

∫ θ

0

ieitf ′(eit) dt, (eiθ ∈ T),
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where
f ′(eit) = lim

r→1
f ′(reit), (a.e. eit ∈ T),

and
f(eit) = lim

r→1
f(reit), (eit ∈ T).

This fact may be also rewritten as

d

dθ
f(eiθ) = ieiθf ′(eiθ), (a.e. eiθ ∈ T),

which looks like the chain rule for derivation.

8.2 A Sufficient Condition for B′ ∈ Hp(D), 0 < p < 1

Theorem 7.12 shows that the condition

∞∑

n=1

(1− |zn|)α <∞

for some (or even all) α > 1/2 is not enough to deduce B′ ∈ Hp(D). Hence, a
more restrictive condition is needed. The first result of this type was obtained
by D. Protas.

Theorem 8.4 (Protas [39]) Let (zn)n≥1 be a Blaschke sequence satisfying
the stronger condition

∞∑

n=1

(1− |zn|)α <∞

for some 0 < α < 1/2. Then B′ ∈ H1−α(D).

Proof. Write B =
∏∞

n=1 bzn . By (4.23),

‖b′zn‖1−α
1−α ≤ Cα(1− |zn|)α.

Hence, b′zn ∈ H1−α(D) and, by assumption,

∞∑

n=1

‖b′zn‖1−α
1−α <∞.

Therefore, by Theorem 5.5, B′ ∈ H1−α(D).

Fix 0 < α < 1/2. Then there is a Blaschke product with zeros (rne
iθn)n≥1

such that ∞∑

n=1

(1− rn)
α <∞,



130 8 Hp-Means of B′

and thus B′ ∈ H1−α(D), but

B′ �∈ Hp(D)

for any p > 1−α. See Example 8.12. Hence, Theorem 8.4 is somehow sharp.
However, its converse is not true. There is a Blaschke product B such that
B′ ∈ H1−α(D), and yet

∞∑

n=1

(1− rn)
α = ∞.

Example 8.5 Let (rn)n≥1 be any sequence in [0, 1) such that

∞∑

n=1

(1− rn)
α <∞

for all α > 0. A particular choice is rn = 1 − 2−n, n ≥ 1. Let (θn)n≥1 be
any arbitrary sequence of real numbers and put zn = rne

iθn , n ≥ 1. Then,
by Theorem 8.4, the Blaschke product B formed with (zn)n≥1 satisfies

B′ ∈
⋂

0<p<1

Hp(D).

The condition
∞∑

n=1

(1 − |zn|) 1
2 <∞

is not enough to ensure that B′ ∈ H
1
2 (D). Hence, we need again a slightly

more restrictive condition.

Theorem 8.6 (Protas [39]) Let (zn)n≥1 be a Blaschke sequence satisfying
the stronger condition

∞∑

n=1

(1− |zn|) 1
2 log

1

(1 − |zn|) <∞.

Then B′ ∈ H
1
2 (D).

Proof. The proof is similar to the one given above for Theorem 8.4. First,
By (4.23),

‖b′zn‖
1
2
1
2

≤ C(1− |zn|) 1
2 log

1

(1 − |zn|) .

Hence, b′zn ∈ H
1
2 (D) and, by assumption,
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∞∑

n=1

‖b′zn‖
1
2
1
2

<∞.

Theorem 5.5 now ensures that B′ ∈ H
1
2 (D).

There is a Blaschke product with zeros (rne
iθn)n≥1 such that

∞∑

n=1

(1− |zn|) 1
2 log

1

(1 − |zn|) <∞,

and thus B′ ∈ H
1
2 (D), but

B′ �∈ Hp(D)

for any p > 1
2 . Hence, in this regard, Theorem 8.6 is sharp. However, its

converse is not true. This means that there is a Blaschke product B such
that B′ ∈ H

1
2 (D), and yet

∞∑

n=1

(1− |zn|) 1
2 log

1

(1 − |zn|) = ∞.

8.3 What Does B′ ∈ Hp(D), 0 < p < 1, Imply?

In Sect. 8.2, we saw that a strong restriction on the rate of growth of |zn|
forces B′ to be in a Hardy space Hp(D). None of those results were reversible.
Nevertheless, a partial converse holds. We study them in this section. But,
we emphasize that the following results are not reversible either.

Theorem 8.7 (Ahern–Clark [2]) Let B be a Blaschke product formed
with the Blaschke sequence (zn)n≥1. Let 1/2 < p < 1, and suppose that
B′ ∈ Hp(D). Then

∞∑

n=1

(1− |zn|)
1−p
p <∞.

Proof. By (4.23),
‖b′zn‖p ≥ Cp(1− |zn|)(1−p)/p,

and, by Theorem 5.5,

Cp

∞∑

n=1

(1− |zn|)
1−p
p ≤

∞∑

n=1

‖b′zn‖p ≤ ‖B′‖p <∞.

Fix 1/2 < p < 1. Then there is a Blaschke product B, even with zeros on
the interval (0, 1), such that B′ ∈ Hp(D), and thus
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∞∑

n=1

(1− |zn|)
1−p
p <∞,

but ∞∑

n=1

(1 − |zn|)
1−p
p −ε = ∞,

for any ε > 0. See Example 8.19. Hence, Theorem 8.7 is sharp. However, its
converse is not true. There is a Blaschke product B, even with zeros on the
interval (0, 1), such that

∞∑

n=1

(1− |zn|)
1−p
p <∞,

and yet B′ �∈ Hp(D). See Example 8.18.
To be able to better compare Theorems 8.4 and 8.7, we can write them in

the following ways. Let 0 < α < 1
2 , and let 1

2 < p < 1. Then

∞∑

n=1

(1 − |zn|)α <∞ =⇒ B′ ∈ H1−α(D),

∞∑

n=1

(1− |zn|) α
1−α = ∞ =⇒ B′ �∈ H1−α(D),

or equivalently

B′ �∈ Hp(D) =⇒
∞∑

n=1

(1− |zn|)1−p = ∞,

B′ ∈ Hp(D) =⇒
∞∑

n=1

(1− |zn|)
1−p
p <∞.

Clearly, none of the above implications is reversible.
Even though Theorems 8.4 and 8.7 together do not provide a necessary

and sufficient condition for B′ ∈ Hp(D) in terms of a growth restriction on
|zn|, n ≥ 1, the story is different if we consider the interpolating Blaschke
products.

Theorem 8.8 (Cohn [14]) Fix 0 < α < 1
2 . Let (zn)n≥1 be an interpolating

Blaschke sequence, and let B be the corresponding Blaschke product. Then
B′ ∈ H1−α(D) if and only if

∞∑

n=1

(1 − |zn|)α <∞.
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Remark : The only if part works for 0 < α < 1.

Proof. The if part is the content of Protas theorem (Theorem 8.4). For the
only if part, the assumption B′ ∈ H1−α(D) implies

∞∑

n=1

|B′(zn)|1−α (1− |zn|) � ‖B′‖1−α
1−α.

But, by (4.5),

|B′(zn)| � 1

1− |zn| .

Hence, the result follows.

Theorem 8.9 (Ahern–Clark [2]) Let B be a Blaschke product formed
with the Blaschke sequence (zn)n≥1. Suppose that B′ ∈ H1/2(D). Then

∞∑

n=1

(1 − |zn|) log2 1

(1− |zn|) <∞.

Proof. By (4.23),

‖b′zn‖1/2 ≥ C(1− |zn|) log2 1/(1− |zn|),

and, by Theorem 5.5,

C

∞∑

n=1

(1 − |zn|) log2 1/(1− |zn|) ≤
∞∑

n=1

‖b′zn‖1/2 ≤ ‖B′‖1/2 <∞.

There is a Blaschke product B such that B′ ∈ H1/2(D), and thus

∞∑

n=1

(1 − |zn|) log2 1

(1− |zn|) <∞,

but ∞∑

n=1

(1− |zn|) log2+ε 1

(1− |zn|) = ∞

for all ε > 0. Hence, Theorem 8.9 is sharp. However, its converse is not true.
There is a Blaschke product B such that

∞∑

n=1

(1 − |zn|) log2 1

(1− |zn|) <∞.

and yet B′ �∈ H1/2(D).
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Example 8.10 The sequence zn = 1− 1
n log2 n

, n ≥ 2, satisfies

(1− |zn|) log2 1

(1− |zn|) � 1

n
,

and thus, by Theorem 8.9, it gives a Blaschke product B with radial zeros
such that B′ �∈ H

1
2 (D).

To better compare Theorems 8.6 and 8.9, we can write them in the
following ways:

∞∑

n=1

(1− |zn|) 1
2 log

1

(1 − |zn|) <∞ =⇒ B′ ∈ H1/2(D),

∞∑

n=1

(1− |zn|) log2 1

(1 − |zn|) = ∞ =⇒ B′ �∈ H1/2(D),

or equivalently

B′ �∈ H1/2(D) =⇒
∞∑

n=1

(1− |zn|) 1
2 log

1

(1− |zn|) = ∞,

B′ ∈ H1/2(D) =⇒
∞∑

n=1

(1− |zn|) log2 1

(1 − |zn|) <∞.

Clearly, none of these implications is reversible.

8.4 Some Examples of Blaschke Products

In this section, we give some specific examples of Blaschke products which
were either promised before, or will be exploited later on. The family given
below is a generalization of the Ahern–Clark example [2], which is reproduced
after the lemma.

Lemma 8.11 Let ψ : (0, 1) −→ (0,∞) be a decreasing function such that

∫ 1

0

ψ(t) dt = ∞.

Let 0 < α < 1. Suppose that (rne
iθn)n≥1 is a Blaschke sequence satisfying

the following properties:
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(i) (θn)n≥1 is a positive decreasing sequence which tends to zero;

(ii) 1− rn � θn − θn+1 � (
ψ(θn+1)

) −1
1−α .

Let B be the Blaschke product formed with the sequence (rne
iθn)n≥1. Then

B′ �∈ H1−α(D).

Proof. The assumptions are designed to obtain

fB(θ) =
∞∑

k=1

1− rk
(1− rk)2 + (θ − θk)2

≥ C (ψ(θ))
1

1−α

for 0 < θ < π/2, which, by Lemma 8.1, ensures that B′ �∈ H1−α(D). To verify
the last inequality, assume that 0 < θn+1 < θ < θn < π/2. Then

fB(θ) =
∞∑

k=1

1− rk
(1− rk)2 + (θ − θk)2

≥ 1− rn
(1− rn)2 + (θ − θn)2

� 1− rn
(1− rn)2 + (θn+1 − θn)2

� (
ψ(θn+1)

) 1
1−α ≥ (

ψ(θ)
) 1

1−α .

Example 8.12 An specific example for Lemma 8.11 is

rn = 1− n− 1
α and θn = n1− 1

α ,

where 0 < α < 1, and ψ(t) = 1/t. Then

θn − θn+1 = n1− 1
α − (n+ 1)1−

1
α

=
(1 + 1

n )
1
α−1 − 1

(n+ 1)
1
α−1

� 1

nα
� θ

1
1−α

n+1 .

Other conditions of Lemma 8.11 are easily verified. Hence, B′ �∈ H1−α(D).
Note that for this conclusion, we cannot apply Theorem 8.7. It is also in-
teresting to observe that if 0 < α < 1/2, then, for each α < β < 1/2, we
have

∞∑

n=1

(1− rn)
β =

∞∑

n=1

1

nβ/α
<∞,
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and thus, by Theorem 8.4, B′ ∈ H1−β(D). Hence, we have a Blaschke product
B such that

B′ ∈
⋂

0<p<1−α

Hp(D),

but

B′ �∈ H1−α(D).

Example 8.13 While the last example sheds some light on the sharpness
of Theorem 8.4, we can still work on the example and come up with a more
delicate Blaschke product. Fix 0 < α < 1/2. Our goal is to produce a Blaschke
sequence (rne

iθn)n≥1 such that

∞∑

n=1

(1− rn)
α <∞,

and thus, by Theorem 8.4, B′ ∈ H1−α(D), but

B′ �∈ Hp(D), (p > 1− α).

This example would be another manifestation of the sharpness of Theo-
rem 8.4. To do so, pick any sequence

0 < α1 < α2 < α3 < · · · < α

with limj→∞ αj = α. Then, as explained above, the Blaschke product Bj

formed with the sequence

rn,j = 1− n
− 1

αj and θn,j = n
1− 1

αj

is such that B′
j �∈ H1−αj (D), and yet

∞∑

n=1

(1− rn,j)
α <∞.

To overcome a convergence difficulty, we delete a finite number of zeros such
that

∞∑

n=Nj

(1 − rn,j)
α ≤ 1

2j
.

Now, the Blaschke product B =
∏∞

j=1Bj is well-defined and its zeros satisfy

∞∑

n=1

(1− rn)
α =

∞∑

j=1

∞∑

n=Nj

(1− rn,j)
α <∞.
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Moreover, since for any p > 1− α there are (infinitely many) integers j such
that p > 1− αj > 1− α, we have

‖B′
j‖p ≥ ‖B′

j‖1−αj = ∞.

Hence, by Theorem 5.5,

‖B′‖p ≥ ‖B′
j‖p = ∞.

Lemma 8.14 Let ψ : (0, 1) −→ (0,∞) be a decreasing function such that

∫ 1

0

ψ(t) dt = ∞.

Let (εn)n≥1 be a sequence of positive decreasing numbers such that

∞∑

n=1

εn <∞

and
N∑

n=1

1

εn
≥ ψ2(εN+1), (N ≥ 1).

Let B be the Blaschke product formed with the sequence zn = 1− εn, n ≥ 1.
Then

B′ �∈ H1/2(D).

Remark : As the following proof shows, the values of ψ in a right neighborhood
of zero are important. Hence, we may assume that ψ is defined on (0, δ) and∫ δ

0 ψ(t) dt = ∞. In the same spirit, the estimation
∑N

n=1 1/εn ≥ ψ2(εN+1)
is enough to be valid only for large values of N . Moreover, in the light of
Theorem 8.9, we obtain a new family if

∑∞
n=1(1 − |zn|) log2 1

(1−|zn|) <∞.

Proof. The assumptions are adjusted to obtain

fB(t) =

∞∑

n=1

εn
ε2n + t2

≥ C ψ2(t)

for 0 < t < 1, which, by Lemma 8.1, ensures that B′ �∈ H1/2(D). To verify
the last inequality, assume that 0 < εN+1 < t < εN < 1. Then

fB(t) =
∞∑

n=1

εn
ε2n + t2

≥
N∑

n=1

εn
ε2n + t2

≥
N∑

n=1

1

2εn
≥ 1

2
ψ2(εN+1) ≥ 1

2
ψ2(t).
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Example 8.15 A realization of lemma is the sequence εn = 1/n log4 n,
n ≥ 2, for which we should take

ψ(t) =
1

t log2 1/t
.

Then

N∑

n=2

1

εn
=

N∑

n=2

n log4 n �
∫ N

2

t log4 t dt � N2 log4N � ψ2(εN+1).

Hence, the corresponding Blaschke product has radial zeros and yet B′ �∈
H1/2(D). Note that for this example we cannot apply Theorem 8.9.

8.5 The Study of ‖B′‖p When Zeros Are in a Stolz
Domain

In Theorem 7.13, we showed that

B′ ∈
⋂

0<p< 1
2

Hp(D)

when the zeros of B all lie in a Stolz domain. Moreover, Examples 8.10
and 8.15 reveal that this result is sharp. In this section we study further this
class of Blaschke products. If we put a growth restriction on |zn| and also
assume that the zeros are in a Stolz domain, naturally we expect to obtain a
better result, which is not promised by Theorem 8.4. The following theorem
confirms this expectation.

Theorem 8.16 (Ahern–Clark [2]) Let (zn)n≥1 be a Blaschke sequence
satisfying the condition

∞∑

n=1

(1− |zn|)α <∞

for some 0 < α ≤ 1. Suppose, moreover, that the zeros are in the generalized
Stolz domain SC,δ(e

iθ0), for some fixed C ≥ 1 and 0 < δ ≤ 1. Then

B′ ∈
⋂

0<p< δ
2−δ(1−α)

Hp(D).

Proof. Without loss of generality, we may assume that θ0 = 0. According to
Theorem 4.15,



8.5 The Study of ‖B′‖p When Zeros Are in a Stolz Domain 139

|B′(eiθ)| =
∞∑

n=1

1− |zn|2
|eiθ − zn|2 , (eiθ ∈ T).

But, on a generalized Stolz domain, we have

|eiθ − zn|δ∣∣ eiθ − |zn|
∣∣ ≥

1

C + 4
, (eiθ ∈ T).

Hence, writing zn = rn e
iθn , n ≥ 1, we obtain

|B′(eiθ)| �
∞∑

n=1

1− rn
|eiθ − rn|2/δ , (eiθ ∈ T).

Then Corollary 5.10, with β = 2/δ, reveals that

|B′(eiθ)| ∈
⋂

0<p< δ
2−δ(1−α)

Lp(T).

Now, apply Lemma 8.1.

The case δ = 1 is of special interest. Also note that the case α = 1 of the
following special result is actually the content of Theorem 7.13.

Corollary 8.17 Let (zn)n≥1 be a Blaschke sequence satisfying the condition

∞∑

n=1

(1− |zn|)α <∞

for some 0 < α ≤ 1. Suppose, moreover, that the zeros are in a Stolz domain.
Then

B′ ∈
⋂

0<p< 1
1+α

Hp(D).

Example 8.18 Fix 0 < α < 1. To ensure that Corollary 8.17 is sharp, we
give a Blaschke sequence (rn)n≥1 satisfying the condition

∞∑

n=1

(1− rn)
α <∞,

and hence B′ ∈ ⋂
0<p< 1

1+α
Hp(D), but

B′ �∈ H
1

1+α (D).

Suppose that (εn)n≥1 is a positive decreasing sequence in the interval (0, 1)
such that εn � εn+1 and
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∞∑

n=1

1

log1+α 1/εn
<∞.

For example, we may take εn = 1/2n. Put

mn =

[
1

εαn log1+α 1/εn

]

zeros in the interval [1 − εn, 1 − εn+1). We may put them at at the point
1− εn. Then

∞∑

n=1

(1− rn)
α �

∞∑

n=1

mn ε
α
n �

∞∑

n=1

1

log1+α 1/εn
<∞.

Suppose that εN+1 < |θ| < εN . Then

fB(θ) =
∞∑

n=1

1− rn
(1 − rn)2 + θ2

�
∞∑

n=1

mn εn
ε2n + θ2

≥ mN εN
ε2N + θ2

≥ mN

2εN

� 1

(εn log 1/εn)
1+α

� 1

(|θ| log 1/|θ|)1+α .

Hence, fB �∈ L
1

1+α (−π, π) which, by Lemma 8.1, ensures B′ �∈ H
1

1+α (D).

Example 8.19 Fix 0 < α < 1. We give a Blaschke sequence (rn)n≥1 such

that B′ ∈ H
1

1+α (D), and thus, by Theorem 8.7,

∞∑

n=1

(1− rn)
α <∞,

and yet
∞∑

n=1

(1− rn)
β = ∞

for all β < α.
Fix t > 1 + α. In the spirit of Example 8.18, suppose that (εn)n≥1 is a

positive decreasing sequence in the interval (0, 1) such that εn � εn+1 and
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∞∑

n=1

1

logt 1/εn
<∞.

Moreover, we need

N∑

n=1

1

ε1+α
n logt 1/εn

� 1

ε1+α
N logt

′
1/εN

for any t′ < t, and
∞∑

n=N+1

ε1−α
n

logt 1/εn
� ε1−α

N

logt 1/εN
.

However, still we may take εn = 1/2n. Put

mn =

[
1

εαn logt 1/εn

]

zeros in the interval [1− εn, 1− εn+1). We may put them at the point 1− εn.
Then, for each β < α,

∞∑

n=1

(1− rn)
β �

∞∑

n=1

mn ε
β
n �

∞∑

n=1

1

εα−β
n logt 1/εn

= ∞.

Suppose that εN+1 < |θ| < εN . Then, for each t′ < t,

fB(θ) =
∞∑

n=1

1− rn
(1− rn)2 + θ2

�
∞∑

n=1

mn εn
ε2n + θ2

≤
N∑

n=1

mn

εn
+

∞∑

n=N+1

mn εn
θ2

�
N∑

n=1

1

ε1+α
n logt 1/εn

+
1

θ2

∞∑

n=N+1

ε1−α
n

logt 1/εn

� 1

ε1+α
N logt

′
1/εN

+
1

θ2
ε1−α
N

logt 1/εN

� 1

|θ|1+α logt
′
1/|θ| .

Now, it is enough to pick t′ with 1 + α < t′ < t. Hence, fB ∈ L
1

1+α (−π, π)
which, by Lemma 8.1, ensures B′ ∈ H

1
1+α (D).
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8.6 The Effect of Argument of Zeros on ‖B′‖p

In all sufficient conditions that we studied in this chapter, to arrive at the
conclusion B′ ∈ Hp(D) we put a restriction on |zn|. We did not pay enough
attention to the effect of arg zn. The only exception was when the zeros are
in a Stolz domain, where we saw that we can slightly improve our results.
However, even in this case, we did not consider the precise value of arg zn. In
this section, we study a result in which we consider both |zn| and arg zn. -

Theorem 8.20 (Ahern–Clark [2]) Let zn = rn e
iθn , n ≥ 1, be a Blaschke

sequence satisfying the condition

∞∑

n=1

(1− rn)
α <∞

for some 0 < α ≤ 1. Let E be the closure of the set { eiθn : n ≥ 1 }. Suppose
that E has Lebesgue measure zero with complementary arcs of length (�n)n≥1

which fulfill
∞∑

n=1

� βn <∞

for some 0 < β < 1. Then

B′ ∈ H
1−β
1+α (D).

Remark : If the zeros are all on a radius, then this is precisely Corollary 8.17.
More generally, if

∑∞
n=1 �

β
n <∞ is valid for all β > 0, then

B′ ∈
⋂

0<p< 1
1+α

Hp(D),

even if the zeros are not in a Stolz domain.

Proof. According to Theorem 4.15,

|B′(eiθ)| =
∞∑

n=1

1− |zn|2
|eiθ − zn|2 , (eiθ ∈ T).

By Lemma 5.9,

∞∑

n=1

1− |zn|2
|eiθ − zn|2 � 1

d1+α(eiθ)
, (eiθ ∈ T),

where

d(eiθ) = inf
n≥1

|eiθ − eiθn |, (eiθ ∈ T).
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But, by (5.1), ∫

T

dθ

d1−β(eiθ)
�

∞∑

n=1

�βn <∞.

Therefore, we conclude

∞∑

n=1

1− |zn|2
|eiθ − zn|2 ∈ L

1−β
1+α (T).

Now, apply Lemma 8.1.



Chapter 9

Bp-Means of B′

9.1 A Sufficient Condition for B′ ∈ Bp(D)

According to Theorem 6.1, we have

B′ ∈
⋂

0<p< 1
2

Bp(D) (9.1)

for any Blaschke product B. Compare this result with Theorem 7.12. There
is a Blaschke product B such that B′ �∈ B

1
2 (D). Hence, (9.1) is sharp and

the Blaschke condition alone is not enough to conclude further results. Thus,
we need to consider the Blaschke sequences which satisfy a stronger growth
condition. Two such results are treated below.

Theorem 9.1 (Rudin [42]) Let (zn)n≥1 be a Blaschke sequence satisfying
the stronger condition

∞∑

n=1

(1− |zn|) log 1

(1− |zn|) < ∞.

Then B′ ∈ B
1
2 (D).

Proof. By (4.16),

|B′(z)| ≤
∞∑

n=1

|b′zn(z)|, (z ∈ D).

Hence, for any 0 < p < 1,

‖B′‖Bp ≤
∞∑

n=1

‖b′zn‖Bp .

J. Mashreghi, Derivatives of Inner Functions, Fields Institute Monographs 31,
DOI 10.1007/978-1-4614-5611-7 9, © Springer Science+Business Media New York 2013

145



146 9 Bp-Means of B′

But, according to (4.24), with p = 1
2 , we have

‖B′‖
B

1
2
�

∞∑

n=1

(1− |zn|) log 1

(1− |zn|) < ∞.

Compare the following result with Theorem 8.4, in which the Hp-means
of B′ are studied. See also Lemma 6.8 and Theorem 6.9.

Theorem 9.2 (Protas [39]) Let (zn)n≥1 be a Blaschke sequence satisfying
the stronger condition

∞∑

n=1

(1− |zn|)α < ∞

for some 0 < α < 1. Then B′ ∈ B
1

1+α (D). In particular, if

∞∑

n=1

(1− |zn|) 1
2 < ∞,

then B′ ∈ B
2
3 (D).

Proof. By (4.16),

|B′(z)| ≤
∞∑

n=1

|b′zn(z)|, (z ∈ D).

Hence, for any 0 < p < 1,

‖B′‖Bp ≤
∞∑

n=1

‖b′zn‖Bp .

But, according to (4.24), with p = 1
1+α , we have

‖B′‖
B

1
1+α

�
∞∑

n=1

(1− |w|)α < ∞.

Example 9.3 Suppose that 0 < α < α0 < 1 are given. Take δ = 1 − α
and γ ∈ ( 1

α0
, 1

α ). Define

zn =

(
1− 1

nγ

)
exp

(
i

nγε

)
, (n ≥ 1),

where ε ∈ (
γ−1
γ , δ

)
. Then

B′ �∈ B
1

1+α (D),
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while the corresponding Blaschke sequence (zn)n≥1 satisfies

∞∑

n=1

(1 − |zn|)α0 < ∞.

Fix 0 < α < 1. Then there is a Blaschke product with zeros (rne
iθn)n≥1

such that ∞∑

n=1

(1− rn)
α < ∞,

and thus B′ ∈ B
1

1+α (D), but

B′ �∈ Bp(D)

for any p > 1
1+α . Hence, Theorem 9.2 is sharp. However, its converse is not

true. There is a Blaschke product B such that B′ ∈ B
1

1+α (D), and yet

∞∑

n=1

(1− rn)
α = ∞.

9.2 What Does B′ ∈ Bp(D) Imply?

In Sect. 8.3, we saw that the assumption B′ ∈ Hp(D) puts a restriction on
the rate of growth of |zn|. None of those results were reversible. Nevertheless,
a partial converse held. We study now similar results for Bp(D) spaces in this
section. Moreover, we emphasize that the following results are not reversible
either.

Theorem 9.4 (Ahern–Clark [2]) Let B be a Blaschke product formed
with the Blaschke sequence (zn)n≥1. Let 2

3 < p < 1, and suppose that
B′ ∈ Bp(D). Then

∞∑

n=1

(1− |zn|)α < ∞

for all α > 1−p
2p−1 .

Proof. By Theorem 6.3,

‖B′‖Bp �
∫ 2π

0

∫ 1

0

(
1− |B(reiθ)|2 ) (1− r)

1
p−3 drdθ,

and, by Theorem 3.5,
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1− |B(z)|2
1− |z|2 =

∞∑

k=1

|Bk(z)|2 1− |zk|2
|1− z̄k z|2 ,

where B1 = 1 and

Bk(z) =

k−1∏

j=1

zj − z

1− z̄j z
, (k ≥ 2).

Hence,

‖B′‖Bp �
∞∑

k=1

∫ 2π

0

∫ 1

0

|Bk(re
iθ)|2 (1− |zk|2) (1 − r)

1
p−2

|1− z̄k reiθ|2 drdθ,

≥
∞∑

k=1

∫ 2π

0

∫ 1

�k

|Bk(re
iθ)|2 (1− |zk|2) (1− r)

1
p−2

|1− z̄k reiθ |2 drdθ,

where �k is any number in [0, 1). But, the key to success is that there is a
constant c > 0 and a proper choice of �k such that �k > |zk| and |Bk(z)| ≥ c
on the annulus �k ≤ |z| < 1 for all k ≥ 1. Before introducing �k, let see what
happens if this is true. If so, we would have

‖B′‖Bp �
∞∑

k=1

∫ 2π

0

∫ 1

�k

(1− |zk|2) (1 − r)
1
p−2

|1− z̄k reiθ|2 drdθ

=

∞∑

k=1

(1 − |zk|2)
∫ 1

�k

(1− r)
1
p−2

(∫ 2π

0

1

|1− z̄k reiθ|2 dθ

)
dr

�
∞∑

k=1

(1 − |zk|2)
∫ 1

�k

(1 − r)
1
p−2

1− r2|zk|2 dr

�
∞∑

k=1

(1 − |zk|)
∫ 1

�k

(1− r)
1
p−2

(1− |zk|) + (1− r)
dr

=

∞∑

k=1

(1 − |zk|) 1
p−1

∫ 1−�k
1−|zk|

0

t
1
p−2

1 + t
dt

�
∞∑

k=1

(1 − |zk|) 1
p−1

∫ 1−�k
1−|zk|

0

t
1
p−2 dt

�
∞∑

k=1

(1 − �k)
1
p−1.

Hence,
∞∑

k=1

(1− �k)
1
p−1 < ∞. (9.2)
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It remains to introduce �k. Let α ∈ (0, 1] be such that

∞∑

k=1

(1 − |zk|)α < ∞. (9.3)

Note that, at least, this condition has to hold for α = 1. Put ρk = (1 −
|zk|)α−1, k ≥ 1. Since

− log |zk|ρk = (1 − |zk|)α − log |zk|
1− |zk| ∼ (1− |zk|)α,

the product
∏∞

k=1 |zk|ρk converges to a strictly positive number, say

c =

∞∏

k=1

|zk|ρk > 0.

Hence, without loss of generality, we may assume that |zk|ρk > 1
2 for all

k ≥ 1. Put

�k =
|zk|+ |zk|ρk

1 + |zk|ρk+1
, (k ≥ 1).

Clearly, |zk| < �k < 1, and

|z| − |zk|
1− |zk| |z| ≥ |zk|ρk , (k ≥ 1),

on the annulus �k ≤ |z| < 1. Moreover, �k is an increasing sequence (as usual
we assume that |zk| is increasing). Hence, on the annulus �k ≤ |z| < 1, we
have

|Bk(z)| ≥
k−1∏

j=1

∣∣∣∣
zj − z

1− z̄j z

∣∣∣∣

≥
k−1∏

j=1

|z| − |zj|
1− |zj | |z|

≥
k−1∏

j=1

|zj |ρj ≥
∞∏

j=1

|zj |ρj = c.

To exploit (9.2), and finish the proof, we need to estimate 1− �k. By the
definition of �k, we have
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1− �k = (1− |zk|) 1− |zk|ρk

1 + |zk|ρk+1

≥ 1

2
(1− |zk|) (1− |zk|ρk)

≥ 1

4
ρk (1− |zk|)2 =

1

4
(1− |zk|)α+1.

The last inequality comes from the mean value theorem. With function
f(x) = xρ, on [a, 1] with aρ > 1

2 , we have, for some x ∈ (a, 1),

1− aρ = ρxρ−1 (1− a) ≥ ρaρ (1− a) ≥ 1

2
ρ (1− a).

Therefore, by (9.2),
∞∑

k=1

(1− |zk|)
(1+α)(1−p)

p < ∞. (9.4)

In short, starting with the assumptions (9.3) and B′ ∈ Bp, we de-
duced (9.4). Thus, define α1 = 1 and

αn+1 =
(1 + αn)(1− p)

p
, (n ≥ 1).

Hence,
∞∑

k=1

(1− |zk|)αn < ∞, (n ≥ 1).

Finally, it is elementary so see that (αn)n≥1 is a decreasing sequence and

lim
n→∞αn =

1− p

2p− 1
.

The assumption 2
3 < p < 1 was implicitly used here.

To be able to better compare Theorems 9.2 and 9.4, we can write them in
the following ways. If 0 < α < 1, then

∞∑

n=1

(1− |zn|)α < ∞ =⇒ B′ ∈ B
1

1+α (D),

∞∑

n=1

(1− |zn|)α = ∞ =⇒ B′ �∈ Bt(D),

(
1 + α

1 + 2α
< t < 1

)
,

or equivalently, with 1
2 < q < 1 and 2

3 < p < 1,
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B′ �∈ Bq(D) =⇒
∞∑

n=1

(1− |zn|) 1
q−1 = ∞,

B′ ∈ Bp(D) =⇒
∞∑

n=1

(1− |zn|)β < ∞,

(
β >

1− p

2p− 1

)
.

Clearly, none of the implications is reversible.

9.3 An Example of Blaschke Products

This section is a continuation of Sect. 8.4. We give one more interesting ex-
ample of Blaschke products.

Example 9.5 The inclusion Hp(D) ⊂ Bp(D) created a hope that the re-
sults of Sects. 9.1 and 9.2 might be deducible from the corresponding results
of Sects. 8.2 and 8.3. However, to ensure that this idea does not work, we
construct a Blaschke product B such that B′ ∈ B

1
2 (D) but B′ �∈ H

1
2 (D).

Let (εn)n≥1 be any sequence in (0, 1) such that

∞∑

n=1

ε
1
2
n < ∞,

but ∞∑

n=1

ε
1
2
n log

1

εn
= ∞.

For convenience, we assume that

∞∑

n=1

ε
1
2
n <

π

2
.

Put

θn =

∞∑

k=n

ε
1
2

k ,

and rn = 1 − εn, n ≥ 1. Note that θn is a positive decreasing sequence such
that

θn − θn+1 = ε
1
2
n , (n ≥ 1),

and that
lim
n→∞ θn = 0.

Therefore, (rne
iθn)n≥1 is a Blaschke sequence tending to 1, as n −→ ∞, and,

by Theorem 9.1, B′ ∈ B
1
2 (D). To show that B′ �∈ H

1
2 (D), by Lemma 8.1, it

is enough to prove that
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fB(θ) =

∞∑

n=1

1− rn
(1− rn)2 + (θ − θn)2

�∈ L
1
2 (−π, π).

Since all the terms in the summation are positive, on the interval (θn+1, θn),
we have

fB(θ) ≥ 1− rn
(1− rn)2 + (θ − θn)2

,

and thus

∫ θn

θn+1

f
1
2

B (θ) dθ ≥
∫ θn

θn+1

(1− rn)
1
2

(
(1− rn)2 + (θ − θn)2

) 1
2

dθ

= ε
1
2
n

∫ ε
1
2
n

0

dt
(
ε2n + t2

) 1
2

= ε
1
2
n

∫ ε
− 1

2
n

0

ds
(
1 + s2

) 1
2

≥ ε
1
2
n

∫ 1

0

ds√
2
+ ε

1
2
n

∫ ε
− 1

2
n

1

ds√
2 s

≥ 1√
2
ε

1
2
n +

1

2
√
2
ε

1
2
n log

1

εn
.

Hence, fB �∈ L
1
2 (−π, π).

9.4 The Effect of Argument of Zeros on ‖B′‖Bp

In all sufficient conditions that we studied in this chapter, to arrive at the
conclusion B′ ∈ Bp(D) we put a restriction on |zn|. We did not consider the
effect of arg zn. In this section, we study a result in which we pay attention
to |zn| and arg zn.

Theorem 9.6 (Ahern–Clark [4]) Let zn = rn eiθn, n ≥ 1, be a Blaschke
sequence satisfying the condition

∞∑

n=1

(1− rn)
α < ∞

for some 0 < α ≤ 1. Let E be the closure of the set { eiθn : n ≥ 1 }. Suppose
that E has type β for some 0 < β ≤ 1. Then

∫ 2π

0

(
1− |B(reiθ)| ) dθ � (1− r)q
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for all q < β
1+α . In particular, this estimation implies

B′ ∈
⋂

0<p< 1+α
2+2α−β

Bp(D).

Remark : We obtain a better result than Theorem 9.2 provided that β >
1− α2.

Proof. By Theorem 3.5, we have

1− |B(z)|2
1− |z|2 =

∞∑

n=1

|Bn(z)|2 1− |zn|2
|1− z̄n z|2 , (z ∈ D).

Hence,

1− |B(reiθ)| ≤ 8(1− r)

∞∑

n=1

1− |zn|2
|eiθ − zn|2 , (reiθ ∈ D).

But, by Lemma 5.9,

∞∑

n=1

1− |zn|2
|eiθ − zn|2 ≤ 8

∑∞
n=1(1 − rn)

α

d1+α(eiθ)
, (eiθ ∈ T),

where
d(eiθ) = inf

n≥1
|eiθ − eiθn |.

Therefore,

1− |B(reiθ)| � min

{
1,

1− r

d1+α(eiθ)

}
, (reiθ ∈ D). (9.5)

Note that our assumption on the type of E means that

∣∣ { eiθ ∈ T : d(eiθ) ≤ ε } ∣∣ � εβ (9.6)

as ε −→ 0.
The rest of proof is similar to that of Theorem 6.14. however, for the

sake of completeness, we give the details. Fix q < β
1+α . Let (γn)n≥0 be any

decreasing sequence of real numbers and put

I0 = { eiθ ∈ T : d(eiθ) ≤ 2(1− r)γ0 },

and, for n ≥ 1,

In = { eiθ ∈ T : 2(1− r)γn−1 < d(eiθ) ≤ 2(1− r)γn }.

Hence, by (9.5) and (9.6),
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∫

I0

(1− |B(reiθ)|) dθ ≤ |I0| � (1 − r)βγ0

and similarly, for n ≥ 1,

∫

In

(1− |B(reiθ)|) dθ � 1− r

(1− r)(1+α)γn−1
|In| � (1 − r)1−(1+α)γn−1+βγn .

Thus, if (γn)n≥0 is such that

βγ0 = 1− (1 + α)γn−1 + βγn = q, (n ≥ 1),

then we have ∫

∪N
n=0In

(1− |B(reiθ)|) dθ � N (1− r)q. (9.7)

Two comments are in order. First, the sequence (γn)n≥0 defined by

γ0 =
q

β
and γn =

(1 + α)γn−1 + q − 1

β
, (n ≥ 1),

is decreasing. This can be easily verified by relations

γ0 − γ1 =
β − (1 + α)q

β2

and

γn − γn−1 =
(1 + α)(γn−1 − γn−2)

β
, (n ≥ 1).

Second, for n ≥ 1, the unique solution is also given by

(
β

1 + α
)n γn =

q

β
− 1− q

1 + α

(
(1 + (

β

1 + α
) + (

β

1 + α
)2 + · · ·+ (

β

1 + α
)n−1

)
.

As n −→ ∞, the right side converges to

q

β
− 1− q

1 + α
× 1

1− β
1+α

=
(1 + α)q − β

β(1 + α− β))
< 0.

Hence, there is anN0 such that γN0 < 0. Therefore, T = ∪N0
n=0In, and by (9.7),

we get ∫

T

(1− |B(reiθ)|) dθ � (1− r)q .

By Corollary 6.6, this estimation implies B′ ∈ Bp(D), for any 0 < p < 1
2−q .

Thus, B′ ∈ Bp(D), for all 0 < p < 1+α
2+2α−β .
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Corollary 9.7 Let zn = rn eiθn, n ≥ 1, be a Blaschke sequence satisfying
the condition ∞∑

n=1

(1− rn)
α < ∞

for some 0 < α ≤ 1. Let E be the closure of the set { eiθn : n ≥ 1 }. Suppose
that E has type β for all β < 1. Then

B′ ∈
⋂

0<p< 1+α
1+2α

Bp(D).



Chapter 10

The Growth of Integral Means of B′

In all the preceding chapters, we studied various conditions under which
some integral means of B′ were uniformly bounded. In this chapter, on the
contrary, we assume that the integral means are not bounded and, in fact,
they tend to infinity as a parameter varies. This parameter is usually the
radius r which tends to 1. Our goal is to study the rate of growth of integral
means as r −→ 1.

10.1 An Estimation Lemma

Let B be a Blaschke product with zeros at (zn)n≥1. Then,

∫ 2π

0

|B′(reiθ)| dθ ≤
∞∑

n=1

(1− |zn|2)
∫ 2π

0

dθ

| 1− z̄n reiθ |2

=

∞∑
n=1

(1− |zn|2) 2π

(1− |zn|2r2)

≤ 4π
∑∞

n=1(1− |zn|)
(1 − r)

,

which implies

∫ 2π

0

|B′(reiθ)| dθ =
o(1)

1− r
, (r −→ 1). (10.1)

However, assuming stronger restrictions on the rate of increase of the zeros of
B give us more precise estimates about the rate of increase of integral means
of B′

r as r −→ 1. The most common restriction is

J. Mashreghi, Derivatives of Inner Functions, Fields Institute Monographs 31,
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∞∑
n=1

(1− |zn|)α < ∞ (10.2)

for some α ∈ (0, 1). We consider the more general assumption

∞∑
n=1

h(1− |zn|) < ∞, (10.3)

where h is a positive continuous function satisfying certain smoothness con-
ditions. In particular, we are interested in the functions

h(t) = tα (log 1/t)α1 (log2 1/t)
α2 · · · (logn 1/t)

αn , (10.4)

where α ∈ (0, 1), α1, α2, · · · , αn ∈ R, and logn = log log · · · log (n times).
In the following we assume that h is a continuous positive function defined

on the interval (0, 1) with
lim
t→0+

h(t) = 0.

Our prototype is the one given in (10.4). The following lemma has simple
assumptions and also a very simple proof. However, it has some interesting
applications.

Lemma 10.1 Let (rn)n≥1 be a sequence in the interval (0, 1) such that

∞∑
n=1

h(1− rn) < ∞.

Let p > 0 and q > 0 be such that h(t)/tp is decreasing and h(t)/tp−q is
increasing on (0, 1). Then,

∞∑
n=1

(1− rn)
p

(1− rrn)q
=

O(1)

(1 − r)q−p h(1− r)

as r −→ 1. Moreover, if

lim
t→0+

h(t)

tp−q
= 0,

then ∞∑
n=1

(1− rn)
p

(1 − rrn)q
=

o(1)

(1− r)q−p h(1− r)
.

Proof. We have

(1− rn)
p

(1− rrn)q
=

(
(1− rn)

p

h(1− rn)

h(1− rrn)

(1− rrn)p

) (
h(1− rn)

(1− rrn)q−p h(1− rrn)

)
.
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By assumption
h(1− rrn)

(1− rrn)p
≤ h(1− rn)

(1− rn)p
,

and
(1− rrn)

q−p h(1− rrn) ≥ (1− r)q−p h(1− r).

Thus, for all n ≥ 1,

(1− rn)
p

(1− rrn)q
≤ h(1− rn)

(1 − r)q−p h(1− r)
. (10.5)

Given ε > 0, fix N such that

∞∑
n=N+1

h(1− rn) < ε.

Hence, by (10.5),

∞∑
n=1

(1 − rn)
p

(1 − rrn)q
=

N∑
n=1

(1 − rn)
p

(1 − rrn)q
+

∞∑
n=N+1

(1− rn)
p

(1− rrn)q

≤
N∑

n=1

(1 − rn)
p−q +

∑∞
n=N+1 h(1− rn)

(1− r)q−p h(1− r)

≤ CN +
ε

(1− r)q−p h(1− r)
.

This inequality implies both assertions of the lemma.

Lemma 10.1 is still valid if instead of “ϕ being increasing”, we assume that
there is a constant C > 0 such that ϕ(x) ≤ Cϕ(y) whenever x ≤ y. The same
comment applies for the theorems of remaining sections.

10.2 Hp-Means of the First Derivative

In this section we apply Lemma 10.1 to obtain a general estimate for the
Hp-means of the first derivative of a Blaschke product.

Theorem 10.2 (Fricain–Mashreghi [21]) Let B be the Blaschke product
formed with zeros zn = rne

iθn , n ≥ 1, satisfying

∞∑
n=1

h(1− rn) < ∞



160 10 The Growth of Integral Means of B′

for a positive continuous function h. Suppose that there is q ∈ (1/2, 1] such
that h(t)/tq is decreasing and h(t)/t1−q is increasing on (0, 1). Then, for any
p ≥ q,

∫ 2π

0

|B′(reiθ)|p dθ =
O(1)

(1 − r)p−1 h(1− r)
, (r −→ 1).

Moreover, if limt→0 h(t)/t
1−q = 0, then O(1) can be replaced by o(1).

Proof. Since q ≤ 1, (4.16) implies

|B′(reiθ)|q ≤
∞∑

n=1

(1− r2n)
q

| 1− rrnei(θ−θn) |2q .

Hence ∫ 2π

0

|B′(reiθ)|q dθ ≤ C

∞∑
n=1

(1 − rn)
q

(1 − rrn)2q−1
. (10.6)

(Here we used the assumption 2q > 1.) Therefore, by Lemma 10.1,

∫ 2π

0

|B′(reiθ)|q dθ ≤ C

(1− r)q−1 h(1− r)
.

Any H∞-function is in the Bloch space. Hence, for any p ≥ q,

∫ 2π

0

|B′(reiθ)|p dθ ≤ 1

(1 − r)p−q

∫ 2π

0

|B′(reiθ)|q dθ ≤ C

(1 − r)p−1 h(1− r)
.

Finally, as r −→ 1, Lemma 10.1 also assures that the constant C can be
replaced by any small positive constant if limt→0 h(t)/t

1−q = 0.

Now, we can apply Theorem 10.2 for the special function h given in (10.4).

Case I: If

∞∑
n=1

(1− rn)
α(log

1

1− rn
)α1 · · · (logm

1

1− rn
)αm < ∞,

then, for any
p > max{α, 1− α},

we have

∫ 2π

0

|B′(reiθ)|p dθ =
o(1)

(1− r)α+p−1(log 1
1−r )

α1 · · · (logm 1
1−r )

αm
,



10.2 Hp-Means of the First Derivative 161

as r −→ 1. In particular, if

∞∑
n=1

(1− rn)
α < ∞,

with α ∈ (0, 1/2), then, for any p > 1− α,

∫ 2π

0

|B′(reiθ)|p dθ =
o(1)

(1− r)p+α−1
, (r −→ 1).

Moreover, if α ∈ [1/2, 1), the last estimate still holds for any p > α.

Case II: If

∞∑
n=1

(1− rn)
α(logk

1

1− rn
)αk · · · (logm

1

1− rn
)αm < ∞,

with α ∈ (0, 1/2), αk < 0 and αk+1, · · · , αn ∈ R, then,

∫ 2π

0

|B′(reiθ)|1−α dθ =
o(1)

(logk
1

1−r )
αk · · · (logm 1

1−r )
αm

, (r −→ 1).

But, if
∞∑
n=1

(1− rn)
α < ∞,

with α ∈ (0, 1/2), then

∫ 2π

0

|B′(reiθ)|1−α dθ = O(1), (r −→ 1),

i.e. B′ ∈ H1−α, which is a Protas’ result [39].

Case III: If

∞∑
n=1

(1− rn)
α(logk

1

1− rn
)αk · · · (logm

1

1− rn
)αm < ∞,

with α ∈ (1/2, 1), αk > 0 and αk+1, · · · , αn ∈ R, then,

∫ 2π

0

|B′(reiθ)|α dθ =
o(1)

(1 − r)2α−1(log 1
1−r )

α1 · · · (logm 1
1−r )

αm
, (r −→ 1).

However, if
∞∑
n=1

(1− rn)
α < ∞,
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with α ∈ (1/2, 1), then we still have

∫ 2π

0

|B′(reiθ)|α dθ =
o(1)

(1 − r)2α−1
, (r −→ 1).

Theorem 10.2 has been further generalized by J. Mashreghi and M. Sha-
bankhah [34]. Briefly speaking, they showed that similar estimates hold for
the logarithmic derivative of B.

10.3 Hp-Means of Higher Derivatives

Let � be a positive integer, and let 1
�+1 < p ≤ 1

� . Then straightforward
calculation leads to the estimation

∫ 2π

0

|B(�)(reiθ)|p dθ ≤ C(p, �)
∞∑

n=1

(1 − rn)
p

(1− rrn)(�+1)p−1
, (10.7)

which is a generalization of (10.6). This observation along with Lemma 10.1
enable us to generalize the results of the preceding section for higher deriva-
tives of a Blaschke product. We omit the proof, since it is similar to the proof
of Theorem 10.2.

Theorem 10.3 (Fricain–Mashreghi [21]) Let B be the Blaschke product
formed with zeros zn = rne

iθn , n ≥ 1, satisfying

∞∑
n=1

h(1− rn) < ∞

for a positive continuous function h. Suppose that there is q ∈ (1/(�+1), 1/�]
such that h(t)/tq is decreasing and h(t)/t1−�q is increasing on (0, 1). Then,
for any p ≥ q,

∫ 2π

0

|B(�)(reiθ)|p dθ =
O(1)

(1− r)�p−1 h(1− r)
, (r −→ 1).

Moreover, if limt→0 h(t)/t
1−�q = 0, then O(1) can be replaced by o(1).

Now, we can apply Theorem 10.3 for the special function h given in (10.4).

Case I: If

∞∑
n=1

(1− rn)
α(log

1

1− rn
)α1 · · · (logm

1

1− rn
)αm < ∞,
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then, for any
p > max{α, (1 − α)/�},

we have

∫ 2π

0

|B(�)(reiθ)|p dθ =
o(1)

(1− r)α+�p−1(log 1
1−r )

α1 · · · (logm 1
1−r )

αm
,

as r −→ 1. In particular, if

∞∑
n=1

(1− rn)
α < ∞,

with α ∈ (0, 1/(�+ 1)), then, for any p > (1− α)/�,

∫ 2π

0

|B(�)(reiθ)|p dθ =
o(1)

(1− r)�p+α−1
, (r −→ 1).

Moreover, if α ∈ [1/(�+ 1), 1), the last estimate still holds for any p > α.

Case II: If

∞∑
n=1

(1− rn)
α(logk

1

1− rn
)αk · · · (logm

1

1− rn
)αm < ∞,

with α ∈ (0, 1/(1 + �)), αk < 0 and αk+1, · · · , αn ∈ R, then,

∫ 2π

0

|B(�)(reiθ)|(1−α)/� dθ =
o(1)

(logk
1

1−r )
αk · · · (logm 1

1−r )
αm

, (r −→ 1).

But, if
∞∑
n=1

(1− rn)
α < ∞,

with α ∈ (0, 1/(1 + �)), then

∫ 2π

0

|B(�)(reiθ)|(1−α)/� dθ = O(1), (r −→ 1),

i.e. B(�) ∈ H(1−α)/� which is a Linden’s result [30].

Case III: If

∞∑
n=1

(1− rn)
α(logk

1

1− rn
)αk · · · (logm

1

1− rn
)αm < ∞,
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with α ∈ (1/(1 + �), 1), αk > 0 and αk+1, · · · , αn ∈ R, then

∫ 2π

0

|B(�)(reiθ)|α dθ =
o(1)

(1− r)(�+1)α−1(logk
1

1−r )
αk · · · (logm 1

1−r )
αm

,

as r −→ 1. However, if
∞∑
n=1

(1− rn)
α < ∞,

with α ∈ (1/(�+ 1), 1), then we still have

∫ 2π

0

|B(�)(reiθ)|α dθ =
o(1)

(1 − r)(�+1)α−1
, (r −→ 1).

10.4 Ap
γ-Means of the First Derivative

In this section, we apply Lemma 10.1 to obtain a general estimate for the
Ap

γ-means of the first derivative of a Blaschke product.

Theorem 10.4 (Fricain–Mashreghi [21]) Let B be the Blaschke product
formed with zeros zn = rne

iθn satisfying

∞∑
n=1

h(1− rn) < ∞

for a positive continuous function h. Let γ ∈ (−1, 0). Suppose that there is
q ∈ (1 + γ/2, 1] such that h(t)/tq is decreasing and h(t)/t2+γ−q is increasing
on (0, 1). Then, for any p ≥ q,

∫ 1

0

∫ 2π

0

|B′(rρeiθ)|p ρ(1− ρ2)γdρ dθ =
O(1)

(1− r)p−γ−2 h(1− r)
, (r −→ 1).

Moreover, if limt→0 h(t)/t
2+γ−q = 0, then O(1) can be replaced by o(1).

Remark. For the simplicity of notation, for the rest of this section we write
Ir for the last integral, i.e.

Ir =

∫ 1

0

∫ 2π

0

|B′(rρeiθ)|p ρ(1− ρ2)γdρ dθ.

Surely, the integral also depends on the other parameters. However, its de-
pendence to r is important for us.
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Proof. We saw that

|B′(rρeiθ)|q ≤
∞∑

n=1

(1− r2n)
q

| 1− rrnρei(θ−θn) |2q .

Hence,

Ir ≤ C

∞∑
n=1

(1− rn)
q

(1− rrn)2q−γ−2
. (10.8)

(Here we used the assumption 2q − γ − 2 > 0.) Therefore, by Lemma 10.1,

Ir ≤ C

(1− r)q−γ−2 h(1− r)
.

Thus, for any p ≥ q,

Ir ≤ 1

(1 − r)p−q

∫ 1

0

∫ 2π

0

|B′(rρeiθ)|q ρ(1− ρ2)γdρ dθ

≤ C

(1 − r)p−γ−2 h(1− r)
.

Finally, as r −→ 1, Lemma 10.1 also ensures that the constant C can be
replaced by any small positive constant if limt→0 h(t)/t

2+γ−q = 0.

Now, we can apply Theorem 10.4 for the special function h given in (10.4).

Case I: If

∞∑
n=1

(1− rn)
α(log

1

1− rn
)α1 · · · (logm

1

1− rn
)αm < ∞,

and if γ ∈ (−1, α− 1), then, for any

p > max{α, 2 + γ − α, 1 + γ/2 },

we have

Ir =
o(1)

(1− r)α+p−γ−2 (log 1
1−r )

α1 · · · (logm 1
1−r )

αm
,

as r −→ 1. In particular, if

∞∑
n=1

(1− rn)
α < ∞,

then

Ir =
o(1)

(1− r)p+α−γ−2
.
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Case II: If

∞∑
n=1

(1− rn)
α(logk

1

1− rn
)αk · · · (logm

1

1− rn
)αm < ∞,

with αk < 0, then, for any p ≥ 1,

Ir =
o(1)

(1 − r)p−1 (logk
1

1−r )
αk · · · (logm 1

1−r )
αm

,

as r −→ 1.

Case III: If ∞∑
n=1

(1− rn)
α < ∞,

then, for any p ≥ 1,

Ir =
O(1)

(1 − r)p−1
, (r −→ 1).

In particular, for p = 1,

Ir = O(1), (r −→ 1),

which is a Protas’ result [39].
Some other cases can also be considered here. But, since they are immedi-

ate consequences of Theorem 10.4, we do not proceed further. Moreover, using
similar techniques, one can obtain estimates for the Ap

γ means of the higher
derivatives for a Blaschke product satisfying the hypothesis of Theorem 10.4.
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Lindelöf’s theorem, 64
Linden, C., 163
Littlewood, J., 25
logarithmic potential, 30
Lucas, F., 46

Mashreghi, J., 159, 162, 164
Muckenhoupt, B., 88

Nevanlinna class, 20, 71, 72, 114
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